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VlACHESLAV V. NlKULIN 
To 60th Birthday of Igor Dolgachev 

Abstract. Let I be a K3 surface with a polarization H of degree H 2 = 2rs, 
r, s > 1, and the isotropic Mukai vector v = (r, H, s) is primitive. The moduli space 
of sheaves over X with the Mukai vector v = (r, H, s) is again a K3 surface, Y. 

We prove that Y = X if the Picard lattice N(X) has an element hi with 
(hi) 2 = f(v) and minor additional congruence conditions modulo N{(v). All these 
conditions are exactly written, very efficient, and they are necessary if X is general 
with rk N(X) < 2. 

Existence of such kind a criterion is very surprising, and it also gives some geomet- 
ric interpretation of elements in N(X) with a negative square. Moreover, we describe 
all irreducible divisorial conditions on moduli of (X,H) which imply Y = X, and we 
prove that their number is always infinite. 

Thus, we treat in general problems considered in [MN1], [MN2] and [N4], where 
the additional condition H ■ N(X) = Z had been imposed. 



0. Introduction 

Let X be a K3 surface with a polarization H of degree H 2 = 2rs where r, s G N. 
Assume that the isotropic Mukai vector v = (r, H : s) is primitive. 

Let Y be the moduli space of sheaves (coherent and semi-stable with respect to 
H) over X with the isotropic Mukai vector v = (r,H,s). The Y (or, in special 
cases, its minimal resolution of singularities which we denote by the same letter Y) 
is again a K3 surface which is equipped with a natural nef element h with h 2 = 2ab 
where we denote c = g.c.d(r, s) and a = r/c, b = s/c (see Sect. 2.1 below). The 
surface Y is isogenous to X in the sense of Mukai. The second Chern class of 
the corresponding quasi-universal sheave gives then a 2-dimensional algebraic cycle 
Z C X x Y and an algebraic correspondence between X and Y. See Mukai [Mul]~ 
[Mu5] and also Abe [A] about these results. 

Let H be divisible by d G N where H = H/d is primitive in the Picard lattice 
N(X) of X. Primitivity of v = (r, H, s) means that g.c.d(r, d, s) = g.c.d(c, d) = 1. 
We have d 2 \ab. Let 7 = j(H) is defined by H ■ N(X) = 7 Z, i.e. H ■ N(X) = yd. 
Clearly, y\(2rs/d 2 ) = H 2 . 

We denote 

n(v) = g.c.d(r, s, dy). 
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By Mukai, [Mu2], [Mu3], T(X) C T(Y), and n(v) = [T(Y) : T(X)} where T(X) 
and T(Y) are transcendental lattices of X and Y. We assume that 

n(v ) = g.c.d(r, s, cfy) = g.c.d(c, c/7) = 1. (0-1) 

Since g.c.d(c, (i) = 1, this is equivalent to g.c.d(c, 7) = 1. By Mukai [Mu2], [Mu3], 
the transcendental periods (T(X), H 2,0 (X)) and (T(Y), H 2,0 (Y)) are isomorphic in 
this case. We can expect that sometimes the surfaces X and Y are also isomorphic, 
and we then get a cycle Zclxl, and a correspondence of X with itself. Thus, 
an interesting for us question is 

Question 1. When is Y isomorphic to X? 

We want to answer this question in terms of Picard lattices N(X) and N(Y) of 
X and Y. Then our question can be reformulated as follows: 

Question 2. Assume that N is a hyperbolic lattice, Hi e N an element with 
square 2rs. What are conditions on N and Hi such that for any K3 surface X with 
Picard lattice N(X) and s polarization H e N(X) the corresponding K3 surface 

Y is isomorphic to X, if the the pairs (N(X), H) and (N,Hi) are isomorphic as 
abstract lattices with fixed elements ? 

In other words, what are conditions on (N(X), H) as an abstract lattice with an 
element H which are sufficient for Y to be isomorphic to X , and they are necessary, 
if X is a general K3 surface with the Picard lattice N(X) ? 

We answered this question in [MN1], [MN2] and [N4] under the condition d = 
7 = 1 (equivalently, H ■ N(X) = Z): in [MN1] for r = s = 2; in [MN2] for r = s; in 
[N4] for arbitrary r and s. 

The main surprising result of [MN1], [MN2] and [N4] was that Y = X if the 
Picard lattice N(X) has an element hi with some prescribed square (hi) 2 and 
some minor additional conditions. Moreover, these conditions are necessary to have 

Y = X for a general K3 surface X with p(X) = rk N(X) = 2. Thus, sometimes, 
elements of Picard lattice N(X) deliver important 2-dimensional algebraic cycles 
on X x X . Moreover, here (hi) 2 can be negative, and this gives geometric meaning 
for elements of the Picard lattice with negative square (it is well-known only for 
hi = —2; then ±hi is effective). 

Here we prove similar results in general. 

We assume (0.1). Then d 2 \ab and 7|2a6/<i 2 . Moreover, g.c.d(a, b) = 1. We have 
d = d a db where d a = g.c.d(<i, a) and c4 = g.c.d(<i, b). We define 

a b 

We have 7 = 7 2 7a7b where 7 a = g.c.d(ai,7), 7& = g.c.d(&i,7), 72 = 7/(7«7&) I 2 - 
We define 

a\ bi 2 

ci2 = — , b 2 = — , e 2 = — • 

7a lb 72 
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Due to Mukai [Mu3] (see also Examples 2.3.4 and 2.3.5 below), one has the 
following result for p(X) = 1. If p(X) = 1 and X is a general K3 surface with its 
Picard lattice (i. e. Aut(T{X),H 2fi (X)) = ±1), then Y = X if and only if c = 1 
and either a\ = 1 or b\ = 1. In particular (e. g. see Lemma 2.1.1 below), for a 
primitive Mukai vector (r, H, s) one always has Y = X if and only if c = 1 and 
either a\ = 1 or b\ = 1. 

We prove (see Theorem 4.4) the following our main result for p(X) = 2. We 
denote as Zf(H) the orthogonal complement to H in the 2-dimensional lattice N 
and use the invariants 7, 5 G N and p G (Z/(2ai6ic 2 /7))* of the pair H G N 
(see Proposition 3.1.1). Here H ■ N = 7Z, det iV = - 7 <5, N = [H, f(H), (pH + 
f(H))/(2aibic 2 /'j)]. One always has 5 = 7/U 2 mod 4ai6ic 2 /7- Moreover, below 
fei = (piH + qif(H))/((2/'y2)(a 1 /'y a )c) for a-series, and 

^1 = {PiH + q\f{H))/{{2/^2){b\/^b)c) for 6-series. Also we denote by the 
/-component of a natural number n for a prime /, i. e. = l k \n and 
g.c.d(n, n/rv- l >) = 1. 

Theorem 0.1. Let X be a K3 surface and H a polarization of X of degree H 2 = 
2rs where r, s G N. Assume that the Mukai vector (r, H, s) is primitive. Let Y be 
the moduli space of sheaves on X with the isotropic Mukai vector v = (r, H, s). Let 
H = Hj d be the corresponding primitive polarization. 

We have Y = X if there exists hi G N(X) such that H , hi belong to a 2- 
dimensional primitive sublattice N C N(X) such that H ■ N = 7Z, 7 > 0, and 

g.c.d(c,d>y) = 1, 

moreover, for one of e = ±1 the element hi belongs to the a-series or to the b-series 
described below: 

hi belongs to the a-series if 

h\ = e2bic and H • hi = mod 7(61/7^)0, 

H-hi^0 mod i{bi/ lh )cl u hi/h £ N{X) 

for any prime li such that l\\a\ and g.c.d{l\^) = 1, and any prime I2 such that 
l 2 \bi and g.c.d(l2,^y) = 1, and 
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satisfy the singular condition (AS) of a- series : 

if odd prime l\^ and I \a\, then q\ ^ mod / and 

either 5^0 mod I or (5 - 7/j 2 ) ^ mod (<4° h®)l\ 

if odd prime l\^ and l\b\, then qi = mod 7^; 

if odd prime l\*y and I \b±, then p\ ^ mod /; 

if 2(7, 72 = 1 and 2|ai, then p\ = 1 mod 2; 

z'/ 2|7, 72 = 1 and 4|ai, t/ien 5 — 7,u 2 ^ mod (8ai&ic 2 /7); 

if 2|7, 72 = 1, and 2|&i, t/zen pi — fxqi ^ mod 4 and qi = mod 7^ , 

if 2(7, 72 = 2 and 2|&i , then p\ = 1 mod 2 and Qi = mod 7 < - 2 - ) /2. 

/ii belongs to the b-series if 

h 2 = e2a\c and H ■ h\ = mod 7(ai/7 a )c, 

H-ht^O mod i{a 1 / la )cl u hjh <£ N{X) 

for any prime l\ such that l\\bi and g.c.d(li,^y) = 1 and any prime I2 such that 
/||ai and g.c.dfc,^) = 1, and 

f{H)-hi 

Pl l{ai/la)c Ql o(ai/7 a )c 
satisfy the singular condition (BS) of b-series: 

if odd prime Z|7 and /|ai, t/ien Qi = mod 7^; 
z'/ odd prime Z|7 and / 2 |ai, t/ien pi ^ mod /; 
if odd prime Z|7 and / 2 |&i, t/ien Qi ^ mod / and 
ezt/ier <J ^ mod I or (5 - 7/j 2 ) ^ mod {b^ 

if 2(7, 72 = 1, and 2|ai, then pi — /iqi ^ mod 4 and Qi = mod 7^ 2 - ) ; 

z/ 2(7, 72 = 1 and 2|6i, t/ien pi = 1 mod 2; 

z/ 2(7, 72 = 1 and 4|6i, t/ien 5 — 7/i 2 ^ mod (8ai&ic 2 /7); 

z/ 2(7, 72 = 2 and 2|ai , then pi = 1 mod 2 and gi = mod 7 ( - 2 ' ) /2. 

Moreover, one has formulae (4.23) and (4.24) z'n terms of X for the canonical 
primitive nef element hofY defined by (—a, 0,6) mod Zn. 

These conditions are necessary to have Y = X if p(X) < 2 and X is a general K3 
surface with its Picard lattice, i. e. the automorphism group of the transcendental 
periods (T(X), H 2 >°(X)) is ±1. 
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As concrete examples, in Sect. 6 we specialize the theorem for 7 = 1 and 7 = 2. 
The same can be done for any 7. 

For the Mukai case when c = 1 and either ai = 1 or &! = 1, one satisfies 
conditions of Theorem 0.1 for h\ = H. 

It seems many (if not all) known examples when p(X) > 2 and Y = X follow 
from this Theorem. E.g. see [C], [Tl]— [T3] and [V]. 

Like in [MN1], [MN2] and [N4] we also describe all irreducible divisorial con- 
ditions on moduli of polarized K3 surfaces (X, H) which imply H ■ N(X) = 7Z 
and Y = X. We show that they are labelled by pairs (±/x, 5) where ±/i e 
(Z/(2ai6ic 2 /7))*, (5 G N and 5 = /U 2 7 mod 4ai6ic 2 /7, moreover the pair belongs 
to the a-series or to the 6-series. It belongs to the a-series if at least for one e = ±1 
the equation 

IPi ~ Sql = e2(2/7 2 )(ai/7a)7 6 c 

has an integral solution (pi,qi) where (pi,qi) satisfy conditions (A) of a-series 
(3.3.54) — (3.3.57). Similarly one can consider 6-series changing a and b places. See 
Sect. 4. 

In Sect. 5, as an application, we prove that the number of the irreducible di- 
visorial conditions is infinite if non-empty. If 7 = 1, the same considerations as 
for d = 7 = 1 in [N4] show that for any type of a primitive isotropic Mukai vec- 
tor (r, H, s) the number of divisorial conditions on moduli of K3 which imply that 
Y = X and 7 = 1 is always non-empty and infinite. In particular, for any type of 
a primitive isotropic Mukai vector the number of divisorial conditions on moduli of 
K3 which imply that Y = X is always non-empty and infinite. 

This paper generalizes to the general case results of [N4] (see also [MN1] and 
[MN2]) where a particular case d = 7 = 1 had been considered. 

As in [MN1], [MN2] and [N4], the fundamental tools to get the results above 
is the Global Torelli Theorem for K3 surfaces proved by Piatetsky-Shapiro and 
Shafarevich in [PS], and results of Mukai [Mu2], [Mu3]. By results of [Mu2], [Mu3], 
we can calculate periods of Y using periods of X; comparing the periods, by the 
Global Torelli Theorem for K3 surfaces [PS], we can find out if Y is isomorphic to 
X. 

These paper treats in general problems considered in [MN1], [MN2] and [N4] 
where the additional condition 7 = d = 1 had been imposed. It makes results of 
this paper much more complicated. For instance, in these paper we don't consider 
the question of non-emptiness of the divisorial conditions on moduli for 7 > 1. It is 
more difficult in the general setting of this paper. We hope to consider this problem 
later. 

1. Preliminary notations and results about lattices and K3 surfaces 

1.1. Some notations about lattices. We use notations and terminology from 
[N2] about lattices, their discriminant groups and forms. A lattice L is a non- 
degenerate integral symmetric bilinear form. I. e. L is a free Z-module equipped 
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with a symmetric pairing x ■ y £ Z for x, y £ L, and this pairing should be non- 
degenerate. We denote x 2 = x ■ x. The signature of L is the signature of the 
corresponding real form L®R. The lattice L is called even if x 2 is even for any x G L. 
Otherwise, L is called odd. The determinant of L is defined to be det L = det(ej • ej) 
where {e^} is some basis of L. The lattice L is unimodular if det L = ±1. The dim/ 
latticeof L is L* = Hom(L, Z) C L<g>Q. The discriminant group of L is = L*/L. 
It has the order | detL|. The group is equipped with the discriminant bilinear 
form bh '■ Al x — > Q/Z and the discriminant quadratic form q^ '■ Al — > Q/2Z 
if L is even. To get this forms, one should extend the form of L to the form on the 
dual lattice L* with values in Q. 

For x G L, we shall consider the invariant 7(2;) > where 

x-L = 7(x)Z. (1.1.1) 

Clearly, 7(3;) |x 2 if x 7^ 0. 

We denote by L(fc) the lattice obtained from a lattice L by multiplication of 
the form of L by G Q. The orthogonal sum of lattices Li and L2 is denoted by 
Li © L2. For a symmetric integral matrix A, we denote by (A) a lattice which is 
given by the matrix A in some bases. We denote 




(1.1.2) 



Any even unimodular lattice of the signature (1, 1) is isomorphic to U. 

An embedding L\ C L 2 of lattices is called primitive if L 2 /Li has no torsion. We 
denote by O(L), 0{bi) and 0(qi) the automorphism groups of the corresponding 
forms. Any 5 G L with 5 2 = —2 defines a reflection sg G O(L) which is given by 
the formula 

x — > x + (a; • 5)5, 

x E L. All such reflections generate the 2-reflection group W^~ 2 \L) C O(L). 

1.2. Some notations about K3 surfaces. Here we remind some basic notions 
and results about K3 surfaces, e. g. see [PS], [S-D], [Sh]. A K3 surface X is a 
non-singular projective algebraic surface over C such that its canonical class Kx 
is zero and the irregularity qx = 0. We denote by N(X) the Picard lattice of X 
which is a hyperbolic lattice with the intersection pairing x ■ y for x, y G N(S). 
Since the canonical class Kx = 0, the space H 2,0 (X) of 2-dimensional holomorphic 
differential forms on X has dimension one over C, and 

N(X) = {xe H 2 (X, Z) I x ■ H 2 '°(X) = 0} (1.2.1) 

where H 2 (X, Z) with the intersection pairing is a 22-dimensional even unimodular 
lattice of signature (3, 19). The orthogonal lattice T(X) to N(X) in H 2 {X, Z) is 
called the transcendental lattice of X . We have H 2fi (X) C T(X) ® C. The pair 
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(T(X), H 2,0 (X)) is called the transcendental periods of X. The Picard number of 
X is p(X) = rk N(X). A non-zero element x G N(X)®R is called ne/if x^O and 
x • C > for any effective curve C C AT. It is known that an element x G iV(X) 
is ample (i. e. it defines a polarization) if x 2 > 0, x is ne/, and the orthogonal 
complement x 1 - to x in N(X) has no elements with square —2. For any non-zero 
element x G N(X) with x 2 > 0, there exists a reflection w G W^~ 2 ^ (N(X)) such 
that the element ±tu(x) is nef; it then is ample if x 2 > and x 1 - had no elements 
with square —2 in N(X). The ne/ element ±w(x) is defined canonically by x. It 
is called the canonical nef element of x. 

We denote by V + (X) the light cone of X , which is the half-cone of 

V{X) = {x G N(X) <g> R | x 2 > } (1.2.2) 

containing a polarization of X. In particular, all ne/ elements x of 1 belong to 
V+(X): one has x ■ V+(X) > for them. 

The reflection group W^ 2 ^ (N(X)) acts in discretely, and its fundamen- 

tal chamber is the closure K,{X) of the Kahler cone JC(X) of X. It is the same 
as the set of all nef elements of X. Its faces are orthogonal to the set Exc(A) of 
all exceptional curves r on X which are non-singular rational curves r on X with 
r 2 = —2. Thus, we have 

K,(X) = {0 ^ x G V+(X) | x • Exc(X) > }. (1.2.3) 
2. Condition of F = I for a general K3 

SURFACE X WITH A GIVEN PlCARD LATTICE 

2.1. The correspondence. Let X be a smooth complex projective K3 surface 
with a polarization H of degree 2rs where r, s G N. 

Assume that if is divisible by d G N and H = H/d is primitive in N(X). Then 
H 2 = 2rs/d 2 and d 2 \rs. We denote 

c = g.c.d(r, s), a = r/c, b = s/c. (2.1.1) 

We assume that the Mukai vector (r, H, s) is primitive, i. e. 

g.c.d(r, s, d) = g.c.d(c, d) = 1. (2.1.2) 

Let Y be the moduli space of sheaves S (coherent and semi-stable with respect 
to H) on X with the primitive isotropic Mukai vector v = (r, H, s). Then rk £ = r, 
x(£) = r + s and Ci(£) = H. The F (or, in special cases, its minimal resolution 
of singularities which we denote by the same letter Y) is again a K3 surface. See 
[Mul] — [Mu5] and also [A] about these results. 

Let 

H*(X, Z) = H°(X, Z) © H 2 (X, Z) © H 4 (X, Z) (2.1.3) 
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be the full cohomology lattice of X equipped with the Mukai pairing 

(u, v) = —(u ■ v 2 + u 2 ■ vq) + ui ■ v 1 (2.1.4) 

for u , v e H°(X, Z),u 1 ,v 1 e H 2 (X, Z), u 2 , v 2 G H A (X, Z). We naturally identify 
H°(X, Z) and H\X, Z) with Z. Then the Mukai pairing is 

(u, v) = -(u v 2 + u 2 v ) +ui-vt. (2.1.5) 

The element 

v = (r, if, s) = (r, , X - r) G H*(X, Z) (2.1.6) 

is isotropic, i.e. v 2 = 0, since H 2 = 2rs. In this case (for a primitive v), Mukai 
[Mu2] — [Mu5] (see also Abe [A]) showed that Y is a K3 surface, and one has the 
natural identification 

H 2 (Y, Z) = (V s - /Zv) (2.1.7) 

which also gives the isomorphism of the Hodge structures of X and Y, i. e. H 2,0 (Y) 
will be identified with the image of H 2,0 (X). The Y has the canonical nef element 
h defined by (—a, 0, b) mod 7Lv with h 2 = 2ab (see Sect. 1.2). 
In particular, (2.1.7) gives the embedding 

T(X) C T(Y) (2.1.8) 

of the transcendental lattices of the index 

[T(Y) : T(X)} = n(v) = min \v ■ x\ (2.1.9) 

where x G H°(X, Z) © N(X) © H 4 (X, Z) and v ■ x ^ (see [Mu2], [Mu3]). In this 
paper, we are interested in the case when Y = X. By (2.1.9), it may happen if 
n(v) = 1 only. 

We can introduce the invariant 7 = 7 (if) GN which is defined by 

H ■ N(X) = 7Z, (2.1.10) 
equivalently, H ■ N(X) = ^dZ. Clearly, ^\2rs/d 2 = H 2 , and 

n(v) = g.c.d(r, s, ■fd) = g.c.d(c, 'yd). (2.1.11) 
Thus, n(v) = 1, and it is possible to have Y = X only if 

g.c.d(r, s, yd) = g.c.d(c, 7) = g.c.d(c, d) = 1. (2.1.12) 
This is exactly the case when, according to Mukai, the transcendental periods 

(T(X), H 2 >°(X)) = (T(Y), H 2 '°(Y)) (2.1.13) 

are isomorphic. 

From (2.1.7), we obtain the following specialization principle. 
We say that a K3 surface X is general (for its Picard lattice) if the automorphism 
group of the transcendental periods Aut(T(X), H 2fi (X)) = ±1. We have 
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Lemma 2.1.1. (The specialization principle.) Assume that for a general K3 sur- 
face X with N = N(X) and a primitive isotropic Mukai vector v = (r, H, s) where 
H E N is a polarization of X , one has Y = X 

Then the same is valid for any K3 surface X' such that H <E N C N(X') if 
N C N(X') is a primitive sublattice in N(X') and H is a polarization of X . 

Proof. Since Y = X and X is general, there exist only two isomorphisms of tran- 
scendental periods (T(X), H 2 >°(X)) (T(Y), H 2 '°(Y)) which are ±1 of the iden- 
tification of the transcendental periods (T(X), H 2 '°(X)) = (T(Y), H 2 >°(Y)) which 
is defined by Mukai identification (2.1.7). Since Y = X, there exists an extension 
of this identification to the isomorphism H 2 (X,Z) = H 2 (Y, Z) of the cohomology 
lattices. 

Now assume that H & N C N(X'). Let Y 1 be the corresponding moduli space 
of sheaves on X' with the same Mukai vector v. 

By local epimorphicity of the period map for K3, we can assume that N = N(X) 
is the Picard lattice of a K3 surface X with the polarization H, X is general and 
the embedding N(X) C N(X') extends to the identification of the cohomology 
lattices H 2 (X,Z) = H 2 (X',Z). Then T(X) D T(X') is a primitive sublattice. 
By the Mukai identification (2.1.7), the identification (2.1.7) (T(X'), H 2 '°(X')) = 
(T(y'), H 2,0 (Y')) is extending to the identification of the transcendental periods 
(T(X),H 2 '°(X)) = (T(Y),H 2 '°(Y)) and to the identification of the cohomology 
lattices H 2 (Y,Z) = H 2 (Y',Z). Since X is general, Y = X, and the identifica- 
tion above of their transcendental periods extends to an isomorphism of the lat- 
tices H 2 (X,Z) ^ H 2 {Y,Z). This gives the isomorphism H 2 (X',Z) = H 2 (X,Z) ^ 
H 2 (Y,Z) = H 2 (Y',Z) which extends the above isomorphism (T(X'), H 2 '°(X')) = 
{T{Y'),H 2 ^{Y')). 

By global Torelli Theorem for K3 surfaces [PS], this defines an isomorphism 
Y> ^ x' . This finishes the proof. 

2.2. The characteristic map of a primitive element of a lattice. Let S be an 

even lattice and P G S its primitive element with P 2 — 2m ^ and 'f(P) — 7|2m 
(in S), i. e. P-S = 7Z. 

We want to calculate the discriminant quadratic form of S. Consider 

K(P) = P£ (2.2.1) 

the orthogonal complement to P in S. Put P* = P/2m. Then any element x G S 
can be written as 

x = n^P* + k* (2.2.2) 
where n G Z and k* G K(P)*, because 

ZP © K(P) C S C S* C ZP* © K(P)* 

and P ■ S = 7Z. Since 7(F) = 7, the map n^P* + [P] -> k* + K{P) gives 
an isomorphism of the groups Z/^ ^ [lP*]/[P] = [u*(P) + K(P)]/K(P) where 
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u*(P) + K(P) has order 2m/ 7 in A K{P) = K{P)*/K{P). Clarify in [N2]. It follows, 

S = [ZP,K(P),*yP* + u*(P)]. (2.2.3) 

The element u*(P) is defined canonically mod K(P) by the condition that 7P* + 
it* G S. The element 

u*(P) + K(P) G K{P)*/K{P) (2.2.4) 

is called the canonical element of P. Since 7 P* + u*(P) belongs to the even lattice 
S, it follows 

2 

( 7 P* +u*(P)) 2 = ^— + u*(P) 2 = mod 2. (2.2.5) 
2m 

For n G Z and fc* G K(P)*, we have a; = nP* + FgS* if and only if 
(nP* + k*) ■ ( 7 P* + u*{P)) = ^p- + k* ■ u*(P) G Z. 

ill 

It follows, 

2 77 7 2 >7 7 

S* = { n P* |nGZ, fe*G ^(P)*, n = (k* ■ u*(P)) mod — } C 

7 7 

c zp* + K(py. 

(2.2.6) 

It gives the calculation of the discriminant group As = S* / S where S is given by 
(2.2.3) and S* is given by (2.2.6). 

We define the canonical submodule K(P)* C Z © K(P)* by the condition 

, — . Q 777 777 

= {n6Z, i*G K(P)* I n = -(fc*. U *(P)) mod—}. (2.2.7) 

7 7 

Now we define the characteristic map 

k(P) : K(Py - A s , (2.2.8) 

by the condition 

k(P)(ti, k*) = nP* + k* mod S. (2.2.9) 
Obviously, the characteristic map is epimorphic. Its kernel is 

K(P)* = [(2mZ, K),Z(rr, u*(P))] = S. (2.2.10) 

Thus, we correspond to a primitive P G S with P 2 = 2m and 7 (-P) = 7 the 
canonical triplet 

(K(P),u*(P) + K(P),k(P)). (2.2.11) 
This triplet is important because of the trivial but very important for us 
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Lemma 2.2.1. Let P\ G S and P 2 <E S are two primitive elements of an even 
lattice S with Pf ^ and P 2 2 ^ 0. 

There exists an automorphism f G O(S) such that /(-Pi) = Pi and f gives ±1 
on the discriminant group As = S* / S if and only if Pi = Pf > 7(Pl) = liPi), and 
there exists an isomorphism of lattices <fi : K(P\) — > K(P 2 ) such that 4>*{u*{P 2 ) + 
K(P 2 )) = u*(Pi) +K(P 1 ) and 4>* = (id,(f>*) : K(P 2 )* -> K(Pi)* is ± commuting 
with the characteristic maps k(Pi) and k(P 2 ), i- e. 

Av(P!)^ = ±«(P 2 ). 

Proof. Trivial. 

We also mention that 

det(S) = 7 2 det K(P)/2m. (2.2.12) 
because [S : ZP © K(P)] = 2m/7 

2.3. Relation between periods of X and Y. Here we consider the case and 
notations of Sect. 2.1. Thus, for the primitive isotropic Mukai vector v = (r, H, s), 
r, s > 1, .ff 2 = 2rs, we assume that for d G N, the element i7 = if/d is primitive 
in N(X), "y(H) = 7 (in N(X)). We remind that c = g.c.d(r, s) , a = r / c, b = s / c, 
and n(i>) = g.c.d(r, s, ^7) = (0,^7) = 1. It follows, d 2 \ab and ■yd 2 \2ab. Thus, our 
data are defined by 

a, b, c, d, 7 G N, such that (a, 6) = (<i, c) = (d, 7) = 1, d 2 \ab, <yd 2 \2ab, (2.3.1) 

and by a primitive polarization 

H G N{X) such that # 2 = 2abc 2 /d 2 , >y(H) = 7. (2.3.2) 

Then, the Mukai vector v = (r, H, s) = (ac, dH, be). 

Let us denote by e\ the canonical generator of H (X, Z) and by e 2 the canonical 
generator of H (X, Z). They generate the sublattice U in H*(X, Z) with the Gram 
matrix U. Consider Mukai vector v = (re± + se 2 + H). We have 

N(Y) = v^ N{x) /Zv. (2.3.3) 

Let us calculate N(Y). Let K{H) = K(H) = (H)^ (xy We denote H* = 

H/(2rs) G (ZH)* = ZH\ and H* = H/(2rs/d 2 ) = dH* G (ZH)* = ZH*. Then 
we have an embedding of lattices of finite index 



ZH © K(H) C N(X) C N(X)* C ZH* © K(#) 



(2.3.4) 
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We have the orthogonal decomposition up to finite index 

U®ZH® K(H) cU® N(X) CU® ZH* © K{H)*. (2.3.5) 

Let / = xie 1 +x 2 e 2 + yH* + z* G u^ 0JV(x) , z * G K(H)*. Then -sx 1 -rx 2 + y = 
since f E v 1 - and hence (/, u) = 0. Thus, y = (sxi + rx 2 ) and 

/ = x\e\ + x 2 e 2 + (sxi + rx 2 )H* + z* . (2.3.6) 

Here feU® N(X) if and only if 

xi,x 2 GZ, sx 1 + rx 2 = modd, 8X1 ~[ TX2 H* + z* G N(X). (2.3.7) 

(J/ 

Equivalently, by Sect. 2.2, we have 

sxi + nr 2 = mod d-y, z* = SXl ± — M*(ff) mod K(H). (2.3.8) 

0(7 

We denote 

ft' = (_ a , 6) ©0 G U@N(X). 

Clearly, ft' G f -1 and h = h' mod Zi> G N(Y). Thus, the orthogonal complement 
contains 

[Zu,Zfe',iir(fr)] (2.3.9) 

where /i' = — ae\ + be 2 , and (2.3.9) is a sublattice of finite index in (v )u®n(X)- 
The generators u, ft' and generators of K(H) are free, and we can rewrite / above 
using these generators with rational coefficients. We have 

v-ch' - H v + ch' — H 

e, = s , e 2 = . (2.3.10) 

It follows, 

sx-\ + rx 2 c(—sx-i + rxo) , , 

f=—^- + ^ — ^h' + z* 2.3.11) 

17 2rs 2rs v ; 

where xi, x 2: z* satisfy (2.3.8). Considering mod Zv, we finally get 

N , Y , = <- sx i +rx ^ h+ sx i+ rx \ *(H)+K(H), where s Xl +rx 2 = mod d 1 . 
2rs cry 

(2.3.12) 

Let us calculate the lattice K{h) = hj^^y It is equal to (sxi + rx 2 )/(d'j)u*(H) + 
K(H) where sx\ +rx 2 = mod d^ and — sx\ + rx 2 = 0. It follows, x\ = ax, x 2 = 
bx, x G Z, and sxi + rx2 = 2abcx = mod cfy, which is always true. Thus, K(h) = 
[2abc/(d^)u*(H) + K(H)}. By Sect. 2.2, u*(H) + K{H) has the order 2abc 2 /(d 2 ^). 
We have (2abc/(d'j),2abc 2 /(d 2 'j) = 2abc/ (d 2 ^)(d, c) where 2abc/(d 2 ^) G N and 
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(d,c) = 1. It follows, K(h) = [K(H),2abc/(d 2 -f)u*(H)}, and the index [K(h) : 
K(H)] = c. 

Let us show that d\h in N(Y) and h/d is primitive in N(Y). By (2.3.12), 
the primitive submodule in N(Y), generated by h, is c(— sx\ + rx2) / {2rs)h where 
(sxi + rx2) / (dy)u* (H) G K(h) and sx\ + rx 2 = mod dj. From calculation 
of K(h) above, we then get (sxi + rx 2 )/{d^) = mod 2abc/(d 2/ y). It follows, 
bx\ + ciX2 = mod lab/d. Let d — d a db where d a \a and d\,\b. Then (a/<i a )|xi 
and (b/db)\x2- It follows, x\ = (a/d a )xi and X2 = (b/db)X2 where x\, 12 G Z 
and dbXi + d a x 2 = mod 2. It follows that the module c(—sxi + rx2) / '(2rs)h = 
(—dbXi + d a X2) / (2d a db) where dbX\ + d a X2 = mod 2. It follows that this module 
is Z(h/d). It proves the statement. We denote 

h = - . (2.3.13) 

We had proved that h is primitive in N(Y) and h = dh. We have h 2 = 2ab/d 2 . 

Let us show that -y(h) = y(H) = 7. We remind that -y(h)Z = h ■ N(Y). By 
Sect. 2.2 and (2.3.12), h 2 h(h) is equal to the index [[{sxi + rx 2 )/(d>y)u*(H) + 
K(H)] : K(h)] where sx\ + rx2 = mod d'j. Such elements x±, X2 give cd^'L. 
Thus, [{sxi + rx 2 )/(d<y)u*(H) + K(H)\ = [cu*{H) + K(H)]. We had proved that 
K(h) =j2abc/(d 2 ~f)u*(H) + K{H)]. Thus, the index is equal to 2ab/d 2 ^. Then 
we get h 2 h(h) = 2ab/{d 2 ^(h)) = 2ab/{d 2 ^). It follows ^(h) = 7. We had also 
proved that u*(h) = mcu*(H) + K(h) where m is defined mod 2ab/{d 2 ^). We 
shall calculate m below. 

Now we can rewrite (2.3.12) in the form (2.2.2). We denote h* = h/h 2 = 
h/(2ab/d 2 ). We have 

N(Y) = ~ bx i + aX2 ~ h * + {bXl + aX2) cu*(H) + K{H) (2.3.14) 
d d"f 

where bx\ + ax 2 = mod d^y. We have proved that the elements (—bxi + ax 2 )/d 
give Z7. 

Let us write d = d a db where d a \a and db\b. Since 7|2a6/<i 2 and g.c.d(a, b) = 1, 
we can write 7 = 727a7& where 7 a = g.c.d(7, a/d 2 ), 76 = g.c.d(7, b/dl) and 72 = 
l/{lalb)- Clearly, 72 1 2. 

We define m = m(a, 6, d, 7) mod 2ab/ (d 2 ^) by the conditions 

m = — 1 mod 2a/(d 2/ ja / j2) and m = 1 mod 26/(^7572). (2.3.15) 

The congruences (2.3.15) define m uniquely mod 2ab/(d 2, y). Really, assume that 
x = mod 2b / {d1 r )b r )2) and x = mod 2a/(<i 2 7 a 72). Then x/(2/^ 2 ) = 
mod 6/(^76) and x/{2/^ 2 ) = mod a/((i 2 7 a ). It follows that a;/ (2/72) = 
mod ab/{d 2 ^ a ^b)- Thus, a; = mod 2ab/{d 2 ^ a 7^72) where 2ab/ {d 2 ^ a lbl2) = 
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2ab/{d 2 ^). Thus x = mod 2ab/{d 2 ^). Clearly, there exists a unique m(a, 6) 
mod 2a6 defined by the condition 

m(a,b) = — 1 mod 2a and m(a,b) = 1 mod 26. (2.3.16) 

Then 

m(a, b, d, 7) = m(a, b) mod —5—, (2.3.17) 

d 2r y 

and one can take (2.3.16) and (2.3.17) as definition of m(a, 6, d, 7). 

Let us prove that -u*(o) + K(h) = m(a, 6, d,^)cu*(H) + K(h). We had proved 
that u*(h) + K{h) = mcu*(H) + K{h) where m is defined mod 2ab/(d 2 ^). To 
find m mod 2ab/{d 2 ^), one should put (—6x1 + ax 2 )/d = 7 in (2.3.14) or 

-bx! + ax 2 = 07. (2.3.18) 

From (2.3.18) we have d a 7 a |a;i and db r )b\%2- From (2.3.14) and (2.3.18), we get 

m ^^2 + bx 1 ^ 1+ 2bx 1 mod2aV(A); (2319) 
07 07 

and 

m = _l + ^ mod 2a6/(d 2 7 ). (2.3.20) 
07 

Since d a 7 a |:ri, we get from (2.3.19) that m = 1 mod 26/ (^7572), and from (2.3.20) 
that m = — 1 mod 2a/((i 2 7 a 72). Thus, m = m(a,6,d,7) mod 2ab/(d 2 ^). It 
proves the statement. 

Since /i 2 = 2a6 and if 2 = 2a6c 2 , we can formally put h = H/c. By our con- 
struction, K(H) C K(h) is a sublattice. Thus, we can consider N(X) and N(Y) 
as extensions of finite index of a common sublattice ZH + K(H). 

Finally, we get the very important for us 

Proposition 2.3.1. The Picard lattice of X is 

N(X) = [H,K(H),<yH* + u*(H)} (2.3.21) 

where H = H/d is primitive in N(X) with H 2 = 2abc 2 and H* = d 2 H/(2abc 2 ), 
the lattice K(H) = H^ x y and u*(H) + K(H) has the order 2abc 2 /(d 2 -f) in 
K{H)*/K{H). 

The Picard lattice of Y is 

N(Y) = [h = h/d, K(h), <yh* + u*(h)], (2.3.22) 

where the element h = (—a, 0,6) mod Zv, h 2 = 2ab and h = h/d is primitive in 
N(Y), the element h* = d 2 h/(2ab), and u*(h) + K(h) has the order 2ab/(d 2 ^) in 
K(h)*/K(h). 
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They are related as follows: 

K(h) = hi {Y) = [K(H), ^ cu*{H)l (2.3.23) 

and 

u*(h) + K{h) = m{a, b)cu*(H) + K(h) (2.3.24) 

where m(a, b) mod 2ab is defined by m(a, b) = — 1 mod 2a and m(a, b) = 1 
mod 2b. To define u*(h) + K(h) above, it is enough to consider m(a, b) mod 
2ab/[d" ). 

We can formally put h = H/c, equivalently h = H/c. Then N(X) and N(Y) 
become the extensions of a common sublattice: 

N(X)D[H = ch, K(H)]cN(Y). (2.3.25) 

Since n(v) = 1, the transcendental lattices T(X) = T(Y) are canonically identi- 
fied in v 1 - . It follows that we have the canonical identifications 

N(X)*/N(X) = T(X)*/T(X) = T(Y)*/T(Y) = N(Y)*/N(Y). (2.3.26) 

Here we use that discriminant groups of orthogonal complements in a unimodular 
lattice are canonically isomorphic. For example, here the identification 
N(X)*/N(X) = T{X)*/T{X) is given by n* + N(X) -> t* + T(X), if n* + 1* G 
H 2 (X, Z). 

Let us calculate the identification 

N(X)*/N(X) = N(Y)*/N(Y). (2.3.27) 

Obviously (from the description above), it is given by the canonical maps 

N(X)* ^(U® N(X))* D(U® N(X))^ -> (v^Yq <- (v^/Zv)*. (2.3.28) 

Here (U © N(X))*„ ={iG (U ® N(X))*\x ■ v = 0}, (u x ) = {x e U®N(X)\x-v = 
0} and {v^)l = {x e (v^)*\x ■ v = 0}. 

Let /* = nH* + k* G N(X)* where n G Z and k* G K(H)*. The element 
J* = xid + x 2 e 2 + nH* + k* is its lift to (U © N(X))* where xi, x 2 G Z. We have 
/* G (U © iV(X))* X if -sxi - rx 2 + rfn = 0. It follows that n = c(bxi + ax 2 )/d 
where bx\ + ax 2 = mod d, and /* = x±ei + x 2 e 2 + (c(bxi + ax 2 )/d) H* + k*. It 
follows that 

/* = < bx ^ + ax ^ H * + k ^ bxi + aX2 = modrf . (2.3.29) 
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Like in (2.3.11), (2.3.12) and (2.3.14), we finally get that the corresponding to 
/* + N(X) element in N(Y)*/N(Y) is e(/*) + N(Y) where 

e (/*) = ~ bXl + aX2 h* + k* E N(Y)*. (2.3.30) 

Thus, the identification (2.3.27) is given by /* = c((bx t + ax 2 )/d) H* + k* + 
N(X) -> e(/*) = (-bx! + ax 2 )h* + k* + N(Y) where bx x + ax\ = mod d. 
We have x\ = d a xi and x 2 = d b x 2 where x\, x 2 E Z. Then 

/* = c ((b/d b )x! + (a/d a )x 2 ) H* + k* -> e(/* ) = (-(V4)^i + (a/d a )x 2 ) ^* + fe*. 

Let us denote ni = (b/db)xi + (a/d a )x 2 and rz.2 = —(b/db)xi + (a/d a )x 2 . We have 
m = m(a,b)n 2 mod 2ab/d 2 . Really, ri\ — m(a,b)n 2 = (2a/d a )x 2 = mod 2ajd\ 
because m(o, b) = —1 mod 2a/d 2 l . We have ni — m{a,b)n 2 = (2b/d(,)xi = 
mod 2b/ dl because m(a,b) = 1 mod 2b/ df. It follows the statement. Here we 
consider m(a, 6) mod 2ab/d 2 . 

The expression (b/db)x\ + (a/d a )x 2 gives all integers n G Z. Thus, we have 
proved Jjhat if /* = cnH* + k* e N(X)* where n E Z, k* E K(H)*, then e(/*) = 
m(a, b)h* + k* E N(Y). Thus, we have proved 

Proposition 2.3.2. in notations of Proposition 2.3.1, the canonical identification 
e : N(X)* /N(X) = N(Y)* /N(Y) of the discriminant groups given by periods: 

e : N(Xy/N(X) = T(X)*/T(X) = T(Y)*/T(Y) = N(Y)*/N(Y) (2.3.31) 

is given by 

e : cnH* + k* + N(X) ^ m(a, b)nh* + k* (2.3.32) 

where n E Z, k* E K(H)*. Here one should consider m(a,b) mod 2ab/d 2 . 

Equivalently, the characteristic maps n{H) : K(H) — > N(X)* /N(X) and n(h) : 
K(h) -> N(Y)*/N(Y) are related as follows: 

e(K(H)((cn, k*) + K(H) ) = K(h)(m(a, b)n, k*) + K(h) (2.3.33) 

(here one should consider m(a,b) mod 2ab/d 2 ). Here we set K(H) = K(H) and 
K(h) = K{h) (see (2.2.7)). 

This finishes the calculation of the periods of N(Y) in terms of the periods of 
N(X). 

Applying Lemma 2.2.1 and Propositions 2.3.1 and 2.3.2, by Global Torelli The- 
orem for K3 surfaces [PS], we get 
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Theorem 2.3.3. Assume that X is a K3 surface with a polarization H with H 2 = 
2rs, r, s > 1, and a primitive Mukai vector v = (r, H, s) with the invariants 

(a,b,c,d,7) (2.3.34) 

introduced above, i.e. H = H/d is primitive. Let Y be the moduli space of coherent 
sheaves on X with the Mukai vector v = (r,H,s). We denote by (K(H),u*(H), 
k{H)) the invariants (2.2.11) of H E N(X). 

The transcendental periods (T(X), H 2 '°(X)) and (T(Y), H 2 '°(Y)) are isomor- 
phic if and only if 

n(v) = g.c.d(c, dry) = 1 (2.3.35) 

(this is Mukai's result). We denote by (K(H) = K(H), u*(H), k(H)) the invariants 
(2.2.11) of He N(X). 

Assume that (2.3.35) is valid. Then Y = X, if the following conditions (a), (b) 
and (c) are valid: 

(a) there exists a primitive h G N(X) with h 2 = 2ab/d 2 and ^{h) = 7. 

(b) There exists an embedding <p : K(H) C K(h) of lattices such that <f>* (K (h)) = 
[K(H), 2abc/(d 2 <y)u*(H)} and <p*(u*(h)) + 4>*(K{h)) = m(a, b)cu*(H) + cf)*(K(h)). 
Here m(a,b) mod 2ab/(d 2 ^) is considered. 

(c) There exists a choice of ± such that K(h)(m(a,b)n, z*) = ±K(H)(cn,<f>*(z*)) 
if (cn, <j>*(z*)) e K(H)* = K(H)*. Here m(a, b) mod 2ab/d 2 is considered. 

The conditions (a), (b) and (c) are necessary for a K3 surface X with p(X) < 19 
which is general for its Picard lattice N(X) in the following sense: the automor- 
phism group of the transcendental periods (T(X), H 2,0 (X)) is ±1. If p(X) = 20, 
then always Y = X if (2.3.35) holds. 

Example 2.3.4. Let us assume that p(X) = 1. Thus, N(X) = 'LH. Assume 
conditions (a), (b) and (c) of Theorem 2.3.3 satisfy. Then h = ±H. It follows 
c = 1. The lattices K(H) and K(h) are zero, and then (b) is valid. The discriminant 
group N(X) = ZH*/ZH = Z/(2ab/d 2 )Z. The condition (c) is valid if and only if 
m(a, b) = ±1 mod 2ab/d 2 . This is true if and only if {a/d 2 a ) = 1 or (ft/df) = 1. 

Thus, X ^ Y if c = 1 and either a x = a/d 2 a = 1 or h = b/d 2 h = 1. These 
conditions are necessary to have Y = X, if X is a general K3 surface with p(X) = 1. 
We recover the result of Mukai from [Mu3] . 

Example 2.3.5. Following Example 2.3.5, let us consider the case when we can 
satisfy conditions of Theorem 2.3.3 taking h = ±H and <fi = ±id. Again we 
get c = 1. (b) satisfies, if and only if m(a,b) = ±1 mod 2ab/(d 2/ j). This is 
equivalent to either 2a/ (d 2 a r ) a r y 2 ) < 2 or 26/(^7572) < 2. (c) satisfies, if and only 
if m(a,b) = ±1 mod 2ab/d 2 . Thus either a/d 2 = 1 or b/d 2 = 1. Thus, always 
Y = X, if c = 1 and either a\ = a/d 2 = 1 or b\ = b/d 2 = 1. This is just a 
specialization (see Lemma 2.1.1) of the p = 1 case above. This result is also due to 
Mukai [Mu3] 
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In Sect. 3 we consider p = 2. We shall analyse when we can satisfy conditions 
of Theorem 2.3.3 in this case. By specialization (see Lemma 2.1.1) of these cases, 
we shall get results about K3 surfaces with any Picard number p > 2. 

3. Conditions of Y = X for a general K3 surface X with p = 2 

3.1. Main results for p(X) = 2. Here we apply results of Sect. 2 to X and Y 
with Picard number 2. Thus, we assume that p(X) = rk N(X) = 2. 

We start with some preliminary considerations on a primitive element P G S of 
an even hyperbolic lattice S of rk S = 2. We assume that P 2 = 2n, n G N, and 
7 (P) = 7 |2n. 

Let 

K{P) = P^ = Zf(P) (3.1.1) 

and f(P) 2 = —t where £ > is even. Then ±/(P) G S 1 is defined uniquely by P. 
Below we set / = f(P). 

By elementary considerations, we have 

5 = [ZP, Z/, 7( ^ +/) ] (3.1.2) 

where 

g.cd(p,— ) = 1. (3.1.3) 

7 

The element 

±H mod — G(Z/ — )* (3.1.4) 
7 7 

is the invariant of the pair P G S up to isomorphisms of lattices with a primitive 
vector P of P 2 = In and 7(P) =7. If / changes to — /, then p mod 2n/ 7 changes 
to — mod 271/7. 

We have (7(^P+/)/(2n)) 2 = -f 2 (p 2 -t/2n) /2n = mod 2. It follows 2n / u 2 -t = 
mod 8n 2 /7 2 . It follows that for some 5 G N we have 

f 2 = , n5 = mod 7, and 5 = u 2 7 mod — . (3.1.5) 

7 ' 7 

We have 

detS = -7<l (3.1.6) 

Any element z G S 1 can be written as z = "f(xP + yf)/2n where x = py 
mod 271/7. We have 

z = Tw^r (3 - L7) 

It is convenient to put 

n=— . (3.1.8) 

7 
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Thus, the considered above case of a primitive P G S where S is an even hyperbolic 
lattice of rk S = 2 is described by the invariants 



n, 7, 5, ±fi G (Z/n)*, 

where n, 7, 6 G N. The invariants (3.1.9) must satisfy 

777 = n5 = mod 2, 5 = /j 2 7 mod 2n. 

Then P 2 = 717, / 2 = -n<5, P ± f, and 

xP + y/ 



S = { : 



n 



x, y G Z, x = fiy mod n}. 



2 7 x 2 - % 2 



det S 1 = — 57. 



P f 

J3* _ J* J_ 

727' nS 



S* = {vP* + wf* I fj,v — w = mod n} 



We have 

Moreover, 
We denote 

Then 
and 

f LIVJ 

S = {vP* + wf* I v = mod 7, u; = mod 5, — = — — mod n }. 

7 

Here v, w G Z. From (3.1.15), w = fxv + nt, and 

S* = v (p* +/j,f*) + tnf*, v,teZ, 
and v(P* +fif*)+ tnf* G S if and only if 

t> = mod 7, uv + nt = mod 5, <k> = 7/j(/Jf + nt) mod #7n. 
We have 

= ^— L + Z/ = /j- 1 ^* + Z/. 
n 

We remind notations we have used in Sect. 2: 

a b 

01 = 5f ' 61 = 4 

where d a = g.c.d(ct, a) and c4 = g.c.d(<i, b). We put 

ai 61 2 

a2 = — , 02 = — , e 2 = — • 

7a 7b 72 

where 7 a = g.c.d(ai,7), 7^ = g.c.d(&i,7), 72 = l/{lalb)- Then 72 12. 

Applying calculations above to S = N(X) and primitive P = H with n = 
2ai&ic 2 , n = 2ai6ic 2 /7 = eidibic 1 '', and 7 (if) = 7, we get 



(3.1.9) 
3.1.10) 

3.1.11) 

3.1.12) 
3.1.13) 
3.1.14) 

3.1.15) 

3.1.16) 

3.1.17) 
3.1.18) 
3.1.19) 

3.1.20) 
3.1.21) 
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Proposition 3.1.1. Let X be a K3 surface with Picard number p = 2 equipped 
with a primitive polarization (or vector) H G N(X) of degree H 2 = 2a\b\c 2 and 
1 {H) = 1 \2a 1 b 1 . ^ 

LetK(H) = (H) 1 - = Zf(H). We have f(H) 2 = -2a 1 b 1 c 2 5/-f where det N(X) = 
—07. 

For some p G (Z/(2aibic 2 /^))* (the ±p is the invariant of the pair H G N(X) ) 
where 5 = p 2 ^ mod 4ai&ic 2 /7, one has 

NiX) = [HJ(S), ^M\ (3.1.22) 

N(X) = {z= xH + yf(H) \ x ,yeZ andx = py mod ^1^!}. (3.1.23) 
2ai6ic 2 /7 7 



We have 



z 2 = ?4=#- (3-1-24) 
2oi6ic 2 /7 v ; 



For any primitive element P G N(X) with P 2 = 2a\b\c 2 , 'y(P) = 7 and the same 
invariant ±p, there exists an automorphism G 0(N(X)) such that 4>{H) = P. 

Applying calculations above to S = N(Y) and primitive P = h G N(Y) with 
n = 2ai&i, n = 2a\b\j^j = eiaibi and 7 (ft) = 7, we get 

Proposition 3.1.2. Let Y be a K3 surface with Picard number p = 2 equipped 
with a primitive polarization (or vector) h G N(Y) of degree h 2 = 2a\b\ and^(h) = 
7|2ai&i. 

LetK{h) = (h) 1 - = Zf(h). Wehavef(h) 2 = -2aiM/7 where det N(Y) = -07. 
For some v G (Z/(2ai&i/7))* (the ±v is the invariant of the pair h G N(Y)) 
where 5 = u 2 "f mod 4ai&i/7, one has 

^^ij^j^mi, (3 ,, 5 ) 

N(Y) = {z= xh + y f ^ \ x ,y EZ and x = vy mod H^I}. (3.1.26) 

2ai&i/7 7 

PFe aai>e 

2 7^ 2 ~ <% 2 /o 1 97 ^ 

2 - -2^77- (3 - L27) 

For any primitive element P G N(Y) with P 2 = 2a\b\, 7(P) = 7 and i/ie same 
invariant ±u, there exists an automorphism 4> G 0(N(Y)) such that 4>{h) = P. 

The crucial statement is 
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Theorem 3.1.3. Let X be a K3 surface, p(X) = 2 and H a polarization of X of 
degree H 2 = 2rs, r, s > 1, and Mukai vector (r,H,s) is primitive. Let Y be the 
moduli space of sheaves on X with the isotropic Mukai vector v = (r, H, s) and the 
canonical nef element h = (—a, 0, b) mod Zi>. We assume that 

g.c.d(c, dry) = 1. 

With notations of Propositions 3.1.1, all elements 

with square h 2 = 2a\b\ satisfying Theorem 2.2.3 are in one to one correspondence 
with integral solutions (x, y) of the equation 

1X 2 - S y 2 = Aa\b\c 2 h (3.1.28) 

which satisfy conditions (i) — (v) below: 
(i) 

x = py mod 2a\b\c 2 , (3.1.29) 

P'jx = 5y mod 2a\b\c 2 \ (3.1.30) 

(%%) (x,y) belongs to one of a- series (the sign +) or b-series (the sign —) of 
solutions defined below: 

±m(a,b)fix + (8y/-f) = mod2a 1 b 1 /-f, (3.1.31) 

x ± m(a, b)py = mod2ai&i/7, (3.1.32) 
±m(a,b)px + (Sy/'y) = p(x ± m(a,b)py) mod (2ai&ic 2 /7)(2ai&i/7) ; (3.1.33) 
(Hi) there exists a choice of (3 = ±1 such that 

( m(a, £Sf M7y - P°) = mod 7 

{ Sm{a 2a^ 1X ~ A" c ) = mod 5 (3.1.34) 
s ^(a,bh^M7y _ ^ = ^ [ Sm{a 2 h ^ x - ppc) mod 2^^ 

and 

c5y = mod 7 

cx- (±13)^^ = mod 5 (3.1.35) 
Sy = p (7X — (±/?)2ai&ic) mod 2ai6ic5 
where + is taken for a-series, and — is taken for b-series. 
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(iv) the pair (x, y) is ^-primitive: 



^■ d ( X ' y, 2^6^) =1; (3 - L36) 
(v) j(h) = 7 ? equivalently 

7X '^2^7^J =7 - (3 - L37) 

in particular (by Theorem 2.3.3), for a general X with p(X) = 2 we have Y = X 
if and only if the equation ^x 2 — by 1 = 4a 2 b 2 c 2 /^ has an integral solution (x,y) 
satisfying conditions (i) — (v) above. Moreover, anef primitive element P = (xH + 
f(H))/(2a 1 b 1 c 2 /-f) with P 2 = 2a 1 b 1 and 7(F) = 7 defines a pair ( X, P) which is 
isomorphic to the (Y,h) if and only if (x,y) satisfies the conditions (ii) and (Hi) 
(it satisfies conditions (i), (iv) and (v) since it corresponds to a primitive element 
ofN(X) with^(P) =7;. 



Proof. We denote 



H* = — /(#)* = (3-1.38) 



where K(H) = Zf(H) = H ± in N(X). By (3.1.19), we have 

u*(H) = ^ l7 / ( f } + Zf(H) = p- l 5f{Hy + Zf(H). (3.1.39) 

Let 

l= x H + yS{ H) e 
2a\b\c z /7 

satisfies conditions of Theorem 2.2.1. Then x ,y G Z and x = \iy mod 2a\b\c 2 /'j. 
We get (3.1.29) in (i). Moreover, h is primitive which is equivalent to (iv). We also 
have 7 (ft) = 7. It is equivalent to 

g.c.d (H • ft, f(H) ■ ft, (//if + f{H))/{2a 1 b 1 c 2 / 1 ) ■ ft) = 7. 

It follows (3.1.30) in (i), and (v). We have ft 2 = 2a\b\. This is equivalent to 
7a; 2 — by 2 = Aa\b\c 2 /j. 

Consider K(h) = h in N(X). Let us denote 

J v ; 2ai6ic 2 /7 v y 
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The element f(h) e^N(X) because of (i). We have f(h) JL /i^and f(h) 2 = 
— 2ai&i<5/7. Since 7 (ft) = 7, it follows that K{h) = Zf(h) and /(ft) is primitive. 
We have 

vh + f(h) 



N(X) 



h,f(h), 



20161/7 

where v G (Z/(2ai&i/7))* (according to Proposition 3.1.2). We denote 



(3.1.42) 



By (3.1.19), we have 



2ai6i/7 

There exists a unique (up to ±1) embedding 

(/> : K(#) = Z/(if) - K(ft) = Z/(ft), 0(/(#)) = ±c/(ft). (3.1.45) 

of one-dimensional lattices. Its dual is defined by 4>*(f(h)*) = ±cf(H)*. 
We have 

P(K(h)) = Z0*(/(ft)) = Zf(H)/c = 

[K(H), (2a 1 b 1 c/ 1 )u*(H)] = [K(H), (2abc/(d 2 1 ))u* (H)} 

because of (3.1.39). This gives the first part of (b) in Theorem 2.3.3. 
We have 

(p*(u*(h))+(p*(K(h)) = ^^(/(ft)*) +Z0*(/(ft)) = ±v- 1 5cf(Hy+Zf(H)/c = 

±iy- 1 5cf(H)* + Z{2a 1 b 1 c8/ 1 )f{Hy. 
On the other hand, by (3.1.39) 

m(a, b)cu*(H) + Z(2a 1 b 1 cS/ 1 )f(H)* = m(a, fyn^ScfiH)* + Z(2a 1 b 1 c8/ 1 )f(H)*. 

Thus, by (3.1.44), second part of (b) in Theorem 2.3.3 is ±z/ _1 = m(a,6)/U _1 
mod 2ai&i/7. Equivalently, 

v = ±m(a,b)n mod (3.1.46) 

7 

Thus, for v given by (3.1.46) one has (this is the definition of v) 

vh + f(h) _ fux+(Syh)~ + x + w /{2aibiC 2 h) e N{xy {31A7) 



2a\b\j^i \ 2a\b\j^i 2a\b\/^ J 
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This is equivalent for v = m(o, mod 2ai&i/7 to 

±m(a, b)/ix + (Sy/^f) = mod 2ai 61/7 
a; ± m(a,b)fjLy = mod 2a\b\/^ 

±m(a, 6)/xa; + (Sy/^y) = ± m(a, 6)/iy) mod (2ai&ic 2 /7)(2ai&i/7) 

(3.1.48) 

This gives (ii). 

Let us consider the condition (c) of Theorem 2.3.3. For a choice of (3 = ±1, one 
has 

m(a,6)n£* + z* = /?(creir + 0*(z*)) mod AT(X), n G Z, z£ K(h)* (3.1.49) 

if 

cniT + G iV(X)*. (3.1.50) 

Let_z* = kf(h)*, k G Z, then f(kf(h)*l = ±kcf(H)* and cn#* + 0*(z*) = 
cnH*±kcf(H)*. By (3.1.15), cnH*±kcf(H)* G N(X)* if and only if ^cn^ fee = 
mod 2ai6ic 2 /7- This is equivalent to k = ±/m mod 2a,\b\c/~f. Like in (3.1.17), we 
get = ±/m + (2ai&ic/7)i where n, t G Z. We get 

cnif* ± kcf(H)* = cn(H* + nf(H)*) ± t(2ai6ic 2 /7)/(^)*- (3.1.51) 

Thus, it is enough to check 

m(a,b)nh* + kf(h)* = (3(cnH* ±kcf(H)*) mod iV(X), (3.1.52) 

where (n, fc) = (1, ±/x) or (n, k) = (0, 2a\bic/ r )). Thus, one should check for one of 
P = ±1 that 

m(a,b)h*±fif(h)* = 0(cH* + cfif(H)*) mod N(X) (3.1.53) 
and _ _ 

. ^bii&r modJV(x) . (3 . L64) 

7 7 

We have 

m(a, b)nh* + kf(h)* = m(a, 6)n- — - — h /c-^" 1 



2ai&i 2ai&i<5 
— — - (Sm(a, b)nh + ^kfih) 



2a 



2a\bi8 \ 2ai6ic 2 /7 2a\b\c 2 j^( 
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(Sm(a, b)n( 7 xH* + 6yf(H)*) + 7 k(dyH* + dxf(H)^ = 

m(a,b)n<yx + <yky 5m(a, b)ny + jkx ~ . --\ 
2^1 H + 2^1 f{H) ■ (3 - L55) 

Thus, (3.1.53) is 

m{a,b)lx±MV _ p\ + ( Sm(a,b)y±^x _ \ f( ~ y £ ^ 
2a±bi J \ 2a±b± J 

(3.1.56) 

and (3.1.54) is 

cyH* + (cx - (±(3) 2ai ^ lC ^ /(#)* G N(X). (3.1.57) 

Here one should take + if (x, y) belongs to a-series, and one should take — if (x, y) 
belongs to 6-series. 

By (3.1.16), we can reformulate (3.1.56) as (3.1.34) in (iii), and we can reformu- 
late (3.1.57) as (3.1.35) in (iii). 
This finishes the proof. 

Now we analyse conditions of Theorem 3.1.3. The most important are congru- 
ences mod 5 since 5 is not bounded by a constant depending on (r, s) . 

Let us consider the congruence cx — (±(3)(2aibic 2 /^) = mod 5 in (3.1.35). 
We know that 5 = ^fi 2 mod (2ai&i/7)c 2 where fx mod (2a\bi/^)c 2 is invertible, 
7|2ai&i and g.c.d(7, c) = 1. It follows that g.c.d(c, S) = 1. Thus, the considered 
congruence is equivalent to 

x ^ ± 2a 1 b 1 c modS 

7 

since (3 = ±1. Later we shall see that all congruences mod 5 which follow from 
conditions of Theorem 3.1.3 are consequences of (3.1.58). Thus, (3.1.58) is the most 
important condition of Theorem 3.1.3. 

Let us consider all integral (x,y) which satisfy (3.1.28) and (3.1.58), i. e. 

2 A 2 4a 2 fr 2 c 2 _ 2aibic 
7X — oy = and x = ± mod o. (3.1.59) 

7 7 

We apply the main trick used in [MN1], [MN2] and [N4]. Considering ±(x,y), we 
can assume that x = 2a\b\cj^ mod 5, i. e. x = 2a\b\cj^( — kS where k e Z. We 
have 7 2 x 2 = Aa\b\c 2 - Aa\bick5^ + ^ 2 k 2 5 2 = -f5y 2 + Aa\b\c 2 . It follows 

S= y 2 + 4 ^ ck . ( 3.i. 6 o) 
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Consider a prime / such that / /\2a\b\c. Assume that l 2t+1 \k : but l 2t + 2 J\k. We 
have k\y 2 . Then l 2t+1 \y 2 . Then l 2t+2 \y 2 . Since k 2 \y 2 + Acuhck, it follows that 
l 2t+2 \y 2 + Aaibick We then get l 2t+2 \k. We get a contradiction. It follows that 
k = —aq 2 where q G Z (we can additionally assume that g > 0), a\2a\bic and a is 
square-free. Remark that a can be negative. 
From (3.1.60), we get 

5 = y 2 -^f^\ (3 . L61) 

It follows aq\y and y = apq where p G Z. From (3.1.61), 

£ = p2 - 4ai 2 blC/a . (3.1.62) 
79 2 

Equivalently, 

p 2 - 7 V = ^- (3-1.63) 

a 

If integral p, q satisfy (3.1.63), we have 

Or, y) = ± (^y^ + a5q 2 , apq^j . (3.1.64) 

satisfy (3.1.59). We call solutions (3.1.64) of (3.1.59) as associated solutions. Thus, 
we get the very important for us 

Theorem 3.1.4. All integral solutions (x,y) of 

lx 2_ 6y 2 = ^M^ andx ^ ± ^lh^ mod6 (3.i. 6 5) 

7 7 

are associated solutions 

(x, y) = ± ^ ai ^ lC _|_ a fiq2^ apq^j (3.1.66) 
to integral solutions a, (p, q) of 

a\2a\b\c where a is square-free, and p 2 — 'fSq 2 = — . (3.1.67) 

a 

Any solution (x, y) of (3.1.65) can be written in the form (3.1.66) where a, (p, q) is 
solution of (3 .1. 67). Any solution of (3 .1. 67) gives a solution (3.1.66) of (3.1.65). 

Solutions of (3.1.65) and (3.1.67) are in one-to-one correspondence if we addi- 
tionally assume that q > 0. 

Now we can write (x, y) of Theorem 3.1.3 in the form (3.1.66) as associated solu- 
tions to (3.1.67). Putting that (x,y) to relations (i) — (v) of Theorem 3.1.3, we get 
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some relations on a and (p, q) . They are a finite number of congruences mod Ni 
where N depend only on (r, s) (or (a, 6, c)). All Ni are bounded by functions de- 
pending only on (r, s). These congruences have a lot of relations between them and 
with (3.1.67). All together they give many very strong restrictions on a and (p, q). 
We analyse them below. 
We fix 

fi e {Z/{2a 1 b 1 c 2 h))* (3.1.68) 

and consider 5 G N such that 

8 = fa mod^i^ (3.1.69) 

7 

The relation (3.1.29) in (i) of Theorem 3.1.3 is equivalent to 

2a\b\c + a^8q 2 = jfiapq mod 2a\b\(? . (3.1.70) 

By (3.1.67), we have 

-Aaxbxc + ap 2 - a^8q 2 = 0. (3.1.71) 

Taking sum, we get 

2ai&ic = ap(p — n^q) mod 2a\b\(? . (3.1.72) 
The relation (3.1.72) is equivalent to (3.1.29). Taking 2(3.1. 70)+(3.1. 71), we get 

ap 2 + 5 q 2 = 27 /japq mod \a\b\(? (3.1.73) 
which is also equivalent to (3.1.29). From (3.1.69), we get 

ap 2 + an 2/ y 2 q 2 = 2^\iotpq mod \a\b\(? (3.1.74) 

and 

a(p — p'jq) 2 = mod 4oi6ic 2 . (3.1.75) 

This is equivalent to (3.1.73). It follows a(p — p"fq) 2 = mod 4c 2 . Since a is 
square-free, it follows 

2c\(p-fi iq ). (3.1.76) 



From (3.1.72), we get 



2oi&i = ap- — ^ilS. mod 2a\b\c (3.1.77) 

c 



where (p — n^q)/c is an integer. It follows, a\2a\b\. Thus, we get 
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Proposition 3.1.5. The condition (3.1.29) of Theorem 3.1.3 is equivalent to 

a(p - fi'yq) 2 = mod Aa^c 2 . (3.1.78) 

We have 

a\2 ai bx. (3.1.79) 
The condition (3.1.78) is also equivalent to 

2aib\c = ap(p — p^q) mod 2a\b\c 2 . (3.1.80) 

Considering the condition (3.1.30) of Theorem 3.1.3, we similarly get 
Proposition 3.1.6. The condition (3.1.30) of Theorem 3.1.3 is equivalent to 

/jap 2 + pa / y5q 2 = 2a5pq mod Aaibic 2 . (3.1.81) 

Congruences (3.1.78) and (3.1.81) are equivalent mod (4ai6ic 2 f'j) , and (3.1.81) 
is equivalent to (3.1.78) together with 

2apq(5 - 7^ 2 ) = mod Aa x b x c 2 (3.1.82) 

where 5 — •yp 2 = mod Aa\b\c 2 j^j . 

Proof. To get (3.1.82), consider \i (3.1.78) - (3.1.81). 

Now consider (3.1.31) of Theorem 3.1.3. Let us consider the a-series (the sign +). 
Since m(a,6) = — 1 mod 2a\/{ r )2la)i we get —^x + (Sy/ n /) = mod 2a\/{ r )2la)- 
It is satisfied because of (3.1.30). Since m(a,6) = 1 mod 261/(7275), we get [ix + 
(8y/l) = mod 26i/ (727&)- By (3.1.30), we get \ix - (5y/>y) = mod 261/(727;,). 
Thus, we get 2\ix = mod 261/(7275). If 72 = 1, this is equivalent to px = 
mod 61/75 and x = mod 61/75. If 72 = 2, then 61/75 is odd, and we get 
2px = mod (61/75) which is equivalent to x = mod 61/75. Thus, at any case 
we get (61/75)!^, equivalently, x = mod (61/75). By (3.1.66), this is equivalent 
to a5q 2 = mod (61/75). We have 5 = /U 2 7 mod (61/75) and mod (61/75) is 
invertible. Thus, we get ct7(/ 2 = mod (61/75) which is equivalent to a(^bq) 2 = 
mod 61. 

Let us consider (3.1.32) of Theorem 3.1.3. We consider the a-series. We get 
x — py = mod 2ai/(7 2 7 a )- It satisfies because of (3.1.29). We get x + py = 
mod 261/(7275). Using (3.1.29), we similarly get that this is equivalent to (61/75) |x. 

Thus, we finally get 

Proposition 3.1.7. JTie conditions (3.1.31) anrf (3.1.32) m (ii) of Theorem 3.1.3 
are equivalent to 

x = mod — (3.1.83) 

lb 
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or to 

a(-f b q) 2 = mod 61 (3.1.84) 
for a- series (the sign +), and it is equivalent to 

x = mod — (3.1.85) 

la 

or to 

a (jaq) 2 = mod a\ (3.1.86) 

for b-series (the sign —). 

Consider (3.1.33) in Theorem 3.1.3. We consider the a-series. We get 
mod 2ai/(727a) that 

2p 7 x = (25 + (p 2 1 - S))y mod (2en&i c 2 ) (2ai/( 727a )) • 

We get mod 261/(7275) that 

(5 - p 2 ~f)y = mod (2a 1 b 1 c 2 )(2b l / l2 lb). 

Using (3.1.66) (and (3.1.71) to make the relations homogeneous), we finally get 
Proposition 3.1.8. The condition (3.1.33) of Theorem 3.1.3 is equivalent to 



2p^x = (S + p 2 ^)y mod (2a 1 b l c 2 ) (2ai/(7 27o )) 

and 

(5 - p 2 ^y = mod (2a 1 b 1 c 2 ) (261/(7275)) 

or 

/lap 2 - a(S + p 2 ~i)pq + pa^b~q 2 = mod (2ai6ic 2 ) (2ai/ (727a)) 

and 

a(S - p 2 <y)pq = mod (2a 1 b 1 c 2 ) (261/(7375)) 
for the a-series (the sign +), and it is equivalent to 

2p^x = {S + p 2 ^)y mod (2ai6ic 2 ) (261/(7275)) 

and 

(5 - p 2 ^y = mod (2ai6ic 2 ) (2ai/( 72 7a)) 

or 

pap 2 — a(S + p 2 "j)pq + pocyb~q 2 = mod (2ai6ic 2 ) (261/(7275)) 



3.1.87) 
3.1.88) 

3.1.89) 
3.1.90) 

3.1.91) 
3.1.92) 

3.1.93) 
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and 

a(S - p?i)pq = mod (2ai6ic 2 ) (2ai/( 727a )) (3.1.94) 

for the b-series (the sign —). 

Consider the condition (3.1.35) of Theorem 3.1.3. Consider the a-series (the sign 
+). Second condition in (3.1.35) gives x = f3(2a\b\c/ , y) mod 5. By (3.1.66), we 
get (x,y) = /3(2ai&ic/7 + aSq 2 , apq). Then third condition in (3.1.35) is equivalent 
to 

f35apq = {i{fi2a\b\c + /3a / y5q 2 — (32aibic) mod 2a\b\c8. 

This is equivalent to aq(p — fi^yq) = mod 2a\b\c. Since ^\2a\b\c, it follows the 
first condition in (3.1.35) which is c5f3apq = mod 7. 
For 6-series we get the same. Thus, we have 

Proposition 3.1.9. The condition (3.1.35) of Theorem 3.1.3 is equivalent to 

aq(p — H"fq) = mod 2a\b\c. (3.1.95) 

Consider (3.1.34) of Theorem 3.1.3. We consider the a-series. Then 

(x, y) = P( ai ^ lC 4- aSq 2 , apq) (3.1.96) 

7 

The first relation of (3.1.34) gives 

m(a, b)"fx + n^y = 2a\bi(3c mod 2a\b\~j. 
Using (3.1.96), we get 

m(o, b)a^8q 2 + fia^pq = 2aib\c(l — m(a, b)) mod 2a\b\^. 
This is equivalent to 

x 2 . Aaibxc 
—adq + /iapq = mod la\ 

7 

and 

abq 2 + /japq = mod 2b\. 
Using (3.1.71), we can rewrite the first relation in the homogeneous form 

ap(p — H"fq) = mod 2ai7- 

The second relation of (3.1.34) gives 

Sm(a, b)y + fi"fx — 2a\b\fi\ic = mod 2a\biS. 
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By (3.1.96) it is equivalent to 

m(a, b)apq + afi'jq 2 = mod 2a\b\. 

This is equivalent to 

— apq + afi'jq 2 = mod 2a\ 

and 

apq + a\i^q 2 = mod 2bi. 
The third relation in (3.1.34) is 

S (m(a, b)jx + \x^y — 2(3aibic) = 

fi'j (5m(a,b)y + /I'jx — 2fi(3aibic) mod (2aibic 2 8)(2aibi). 

Using (3.1.96), one can calculate that it is equivalent to 

\ia~jpq (m(a, b) — 1) + a^q 2 (7/U 2 — m(a, b)5) 
= 2a\b\c (m(a, b) — 1) mod (2ai&ic 2 )(2ai&i). 

This is equivalent to 

Aaibic = c^yq [2jip — (7/U 2 + S)q) mod (2ai&ic 2 )(2ai) 

and 

a^q 2 (5--f/j 2 )=0 mod (2ai6ic 2 )(26i). 
Using (3.1.71), we can rewrite the first relation in the homogeneous form 

a(p - H'jq) 2 = mod (2a 1 b 1 c 2 )(2a 1 ). 

Thus, we get 

Proposition 3.1.10. The condition (3.1.34) of Theorem 3.1.3 is equivalent to the 

system of congruences: 

For the a-series (the sign +) 

otpip ~ A*7<?) = mod 2ai7, (3.1.97) 

a5q 2 + a\ipq = mod 26 1? (3.1.98) 

—apq + a\i^q 2 = mod 2ai, (3.1.99) 

apq + a^q 2 = mod 2b u (3.1.100) 

a(p-^q) 2 = mod (2a 1 b 1 c 2 )(2a 1 ), (3.1.101) 

a<yq 2 (5 - 7/ u 2 ) = mod (2ai&ic 2 )(2&i). (3.1.102) 
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sign —): 




ap(p — p^q) = mod 2617, 


(3.1.103) 


a5q 2 + appq = mod 2ai, 


(3.1.104) 


— apq + ap'jq 2 = mod 2b±, 


(3.1.105) 


apq + a/i'yq 2 = mod 2ai, 


(3.1.106) 


a(p — p^q) 2 = mod (2ai&ic 2 )(2&i), 


(3.1.107) 


«79 2 (5 - 7/" 2 ) = mod (2a 1 b 1 c 2 )(2a 1 ). 


(3.1.108) 



Consider the condition (iv) of Theorem 3.1.3. It means that the corresponding 
element h is primitive. Since h 2 = 2a\bi and the lattice N(X) is even, it is not 
valid only if h/l G N(X) for some prime / such that l 2 \aibi. Thus, (3.1.36) is not 
valid if and only if 

x — ay n . . 

x = y= ^2/ = mod * 
2ai6ic z /7 

for some prime / such that Z 2 |ai&i. Using (3.1.66) and (3.1.71), we get 

Proposition 3.1.11. The condition (iv) of Theorem 3.1.3 is equivalent to the non- 
existence of a prime I such that l 2 \a\bi and 

x = y = X ~ = mod /. (3.1.109) 

2ai6ic / /7 

Equivalently, the system of congruences 

ap 2 + a^8q 2 = mod 27/ 

apq ee mod / (3.1.110) 
ap 2 + <y~f5q 2 = 2a^ppq mod 4ai&ic 2 / 

is not satisfied for any prime I such that Z 2 |ai&i . 

Consider the condition (v) of Theorem 3.1.3. This is equivalent to 'y(h) = 7 where 
h ■ N(X) = 7(/i)Z. All other conditions of Theorem 3.1.3 give that "f\h- N(X), and 
7|7(/i). Since h 2 = 2aib±, it follows that {l{h)/^) \ 2a-\b\j r ). Equivalently, (v) is 
not satisfied if and only if for some prime l\2a\b\j^ one has 

_ Sy p^x -Sy 

x = — = — 7T- = mod I. 

7 2a\b\C L 

Using (3.1.66) and (3.1.71), we get 
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Proposition 3.1.12. The condition (v) of Theorem 3.1.3 is equivalent to the non- 
existence of a prime I | (20161/7) such that 

x = s ± = rm^Sv^ mod/ (31111) 

7 2ai6ic 2 V ' 

Equivalently, the system of congruences 

ap 2 + cfySq 2 = mod 27/ 

dapq = mod 7/ (3.1.112) 
fiap 2 + [ia^bq 2 = 2a5pq mod 4aib\c 2 l 

is not satisfied for any prime I | (20161/7). 

Now we collect analysed conditions of Theorem 3.1.3 all together. We divide 
them in general conditions: (G') which are valid for both a and 6-series, conditions 
(A') which are valid for the a-series, and conditions (£?') which are valid for the 
6-series. 

(G'): General conditions 

a(p — //7a) 2 = mod 4ai6ic 2 , (3.1.113) 

2apq(6 - 7^/ 2 ) = mod 4ai6ic 2 , (3.1.114) 

aq(p — fx"fq) = mod 2ai6ic, (3.1.115) 
ap 2 + cffSq 2 = mod 27/ 

apq = mod / (3.1.116) 

ap 2 + ccfSq 2 = 2cc~ffxpq mod 4a\b\c 2 l 

is not satisfied for any prime / such that / 2 |ai6i, 

ap 2 + cffSq 2 = mod 27/ 

dapq = mod 7/ (3.1.117) 
fxap 2 + ficffSq 2 = 2adpq mod 4oi6ic 2 / 

is not satisfied for any prime / 1 (20161/7). 
(A'): Conditions of the a-series 

a(-f b q) 2 = mod 61, (3.1.118) 

ixap 2 - a(5 + ^ 2 ^)pq + na^Sq 2 = mod (2ai6ic 2 ) (2ai/(7 2 7 a )) (3.1.119) 

a(S - n*i)pq = mod (2ai6ic 2 ) (26i/( 727b )) , (3.1.120) 

ap(p — /U70) = mod 2ai7, (3.1.121) 
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a5q 2 + ctfipq = mod 2b u (3.1.122) 

— apq + afi'jq 2 = mod 2ai, (3.1.123) 

apq + afi'jq 2 = mod 2&i, (3.1.124) 

a(p - //7a) 2 = mod (2a 1 b 1 c 2 )(2a 1 ) 7 (3.1.125) 

a 7 g 2 (o - -f/j 2 ) = mod (2aiOic 2 )(2o!). (3.1.126) 
(B'): Conditions of the 5-series 

a( 7a g) 2 = modai, (3.1.127) 
[iap 2 - a{8 + n 2 ^)pq + fia<y5q 2 = mod (2a 1 b 1 c 2 ) {2b 1 /(^ 2 lb)) (3.1.128) 

a{5 - [i 2 ~i)pq = mod (2 ai b lC 2 ) (2ai/( 72 7a)) , (3.1.129) 

ap(p — f-i'yq) = mod 2&17, (3.1.130) 

a^g 2 + a\ipq = mod 2ai, (3.1.131) 

— apg + a^q 2 = mod 2&i, (3.1.132) 

apg + afi'jq 2 = mod 2ai, (3.1.133) 

a(p - ^q) 2 = mod (2aiOic 2 )(2o!), (3.1.134) 

a-fq 2 (5 --f/j 2 ) =0 mod (2ai6ic 2 )(2ai). (3.1.135) 



3.2. Simplification of the conditions (G'), (A') and (B'). We have the fol- 
lowing fundamental result which completely determines a up to multiplication by 
±1. 

Lemma 3.2.1. For the a-series, we have that the square-free a\b\ and 

h/\a\ = b\, h > 0, 

is a square. 

Respectively, for the b-series, we have that the square-free a\a\ and 

Q , 

ai/|a| = a l7 a\ > 0, 

is a square. 

Proof. First let us prove that 

a|ai6i. (3.2.1) 

Otherwise, 2a\b\ja is odd. Let us consider the a-series. By (3.1.125), we have 
a(p — /U70) 2 = mod 4c 2 . Since a is square-free, it follows that p — fx^q = 
mod 2c. It follows p + ^70 = mod 2. Then p 2 — /U 2 7 2 = mod 4c. We have 
,u 2 7 = 5 mod 4ai6ic 2 /7. Then \i 2 ^ 2 = ^5 mod 4c 2 . Thus, we obtain p 2 —^5q 2 = 
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mod 4c. On the other hand, p 2 — / y5q 2 = Aaibic/a = 2c mod 4c if 2a\b\ja is odd. 
We get a contradiction. It proves (3.2.1). 

Now let us consider the a-series, and let us prove that 

a\h. (3.2.2) 

Otherwise, for a prime / one has l\a, l\ai, but / does not divide b\. 

By (3.1.125), we have a(p — mq) 2 = mod 4afc 2 . Since a is square-free, 
it follows that p — y^q = mod 2aic. It follows p + yyq = mod 2. Then 
p 2 — /U 2 7 2 = mod 4aic. We have y?^ = 6 mod 4ciibic 2 /j. Then y 2 ^ 2 = 'yd 
mod Aaic 2 . Thus, we obtain p 2 — 'j5q 2 = mod 4aic. Thus, we obtain p 2 — 
•fSq 2 = Aaib\c/a = mod 4aic. Equivalently, a\b\/a = mod a\. This gives a 
contradiction if for a prime / one has l\a, l\a±, but / does not divide b\. This proves 
(3.2.2). 

Now let us prove that 

h/\a\ (3.2.3) 

is a square. Otherwise, for a prime / we have Z 2t_1 |6i/a, but l 2t does not divide 
h/a where t > 1. By (3.1.118), (79) 2 = mod h/a. It follows that 

l*\^q. (3.2.4) 

By (3.1.113), we have 

p-^yq = mod I*. (3.2.5) 

By (3.2.4) and (3.1.5), we obtain l*\p. 

From p 2 — ^5q 2 = Aa\{b\/a)c we then get a contradiction if / does not divide 2c. 
We have 

7 <5 = 7V mod Acuhc 2 . (3.2.6) 
From p 2 — ^5q 2 = Aai{b\/a)c and (3.2.6) we then get 

p 2 — 7 2 ^ 2 g 2 = (p — 7/U(/)(p + 7/ug) = 4ai(6i/a)c mod 4ai&ic 2 . 

Then, using (3.2.5), we get 



2a x d l 



(P + im) = 2(b 1 /a)/l t mod 2(b 1 /l t )c (3.2.7) 



where (p — 7 / ug)/(2aic/ t ) is an integer. 

If l\c and / is odd, (3.2.5) and (3.2.7) give a contradiction because l l \p + 7/^, 
Z*|2(&i/Z*)c, but /* does not divide 2(b 1 /a)/l t . 

Now assume that / = 2|c. If 2 t+1 |7 / u(/, then 2 t+1 \p by (3.2.5), and we get a 
contradiction in the same way. Assume that 2 t+1 does not divide 7//Q. Then 
r yfiq/2 t and p/2* are both odd, and 2 i+1 |p + jyq. It also leads to a contradiction 
in the same way. 
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Now assume that / = 2 and c is odd. By (3.1.126), we obtain 

<y5q 2 = ( 7/ ug) 2 mod 2 4t . (3.2.8) 

Assume that 2 t+1 \^q. By (3.2.8), then ~f5q 2 = mod 2 2 *+ 2 . By (3.2.5), 2 t+1 \p 
and 2 2t+2 \p 2 . Then 2 2i+1 |p 2 — 'jdq 2 = 4cii(bi/a)c which gives a contradiction 
because Aa\{b\/a)c is divisible by 2 2t+1 only. 

Now assume that 2 t+1 does not divide n'jq. By (3.2.8), we get "f5q 2 = 2 2t 
mod 2 2 *+ 2 . By (3.2.5) then 2 t \p, but 2 t+1 does not divide p. It follows that p 2 = 2 2t 
mod 2 2 *+ 2 . Then2 2t+2 |p 2 -7^ 2 = 4ai(&i/a)c which again leads to a contradiction. 

This finishes the proof of the theorem. 

Lemma 3.2.2. Assume that 

g.c.d(5 - 7^i 2 , Aaibic 2 ) = (4ai&ic 2 / 7)70 

where 70 17. 

For any w|ai6ic 2 /(7 a 7b) and g.c.d(u, 7/70) = 1 we can choose 

V G (Z/((2a 1 6 lC 2 /7) 7o n))* 

suca t/iat 

5 = 7/U 2 mod (4ai6ic 2 /7)7o - a. 
Proof. Assume //o mod 2ai&ic 2 /7 G (Z/(2ai&ic 2 /7))* and 

5 = 7^0 mod 4ai6ic 2 /7. 
Taking = (j,q + (2aibic 2 /j)k, we get 

5 - 7^i 2 = 5 - 7^0 - 4^ ai6ic 2 /c - (4a 2 o 2 c 4 /7)& 2 - 

Then 

(5 - 7 / u 2 )/(4ai6ic 2 /7) = (<f - 7 / u 2 ,)/(4ai&ic 2 /7) + 7^0/c mod 7 n. 
Since (7/70)^0 are invertible mod u, we can choose k such that 

(5 — 7 / u 2 )/(4ai&ic 2 /7) = mod 70W. 

It follows the statement. 

Further we consider the a-series (similar results will be valid for 6-series). 
The congruence (3.1.125) implies (3.1.113). The (3.1.125) is equivalent to 

V ~ f'lQ = mod2ai6ic. (3.2.9) 
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Thus, (3.1.113) and (3.1.125) are equivalent to (3.2.9). 

The congruence (3.1.118) is equivalent to 7^ = mod 61. Equivalently, 

q = — , Mi = mod 7b (3.2.10) 

lb 

where q\ is an integer. 

By (3.2.9), we have p — [i^labiqi = mod 2aib\c, and then 7270^1 \p- Then 

V = l2lablPl (3.2.11) 
where p\ is an integer. The congruence (3.2.9) is then equivalent to 

Pl -fi qi =0 mod (2/ 72 )(ai/7 a )c. (3.2.12) 

a = ±h/b 2 , (3.2.13) 
•fSq 2 = Aaibic/a as 

1V \ - 8ql = ±2(2/7 2 )(a 1 / 7a )7 b c. (3.2.14) 

Now we can rewrite conditions (G'), (A') and (B') using the introduced (pi, qi). 
As we have seen, the conditions (3.1.113), (3.1.118) and (3.1.125) are equivalent 
to (3.2.12) and 

Mi = mod 76. (3.2.15) 

The condition (3.1.114) gives 

Piqi(S - 7/U 2 ) = mod (2/7 2 )(ai/7 a )c 2 7 6 . 

Since g.c.d(7, c) = g.c.d(7b, aic 2 ) = 1 and 5 — "ffi 2 = mod 4ai6ic 2 /7, it is equiv- 
alent to 

Piqi (5--fiJ 2 )=0 mod(2/7 2 ) 76 . (3.2.16) 
The condition (3.1.115) gives 

QiiPi ~ m) = mod (2/7 2 )(ai/7 a )c76. 

Since g.c.d( 7 , c) = g.c.d( 7b , aic 2 ) = 1 and pi - nq\ = mod (2/7 2 )(ai/7 a )c (by 
(3.2.12)), it is similarly equivalent to 

?i (Pi - m) = mod (2/ 72 ) 76 . (3.2.17) 

The condition (3.1.120) gives 

(5 - ~ffi 2 ) Piqi = mod (4/ 7 2 )6ic 2 . (3.2.18) 



Denoting 
we can rewrite p 2 — 



38 



V.V. NIKULIN 



Since (5 — n 2 "f) = mod 46ic 2 /(727b), the congruence (3.2.18) is actually a con- 
gruence mod 76 on piqi. It also implies (3.2.16). 

The condition (3.1.121) gives — fiqi) = mod (2/72) {a\/^ a )lb- It sat- 

isfies because of (3.2.12) and 7&I&1. 

The condition (3.1.122) gives 

qi(Sqi + MPi) = mod 2 7& 2 . (3.2.19) 

The condition (3.1.123) gives (&i/76)<Zi(— Pi + A*?i) = mod (2/7 2 )(ai/7 a ). It 
satisfies by (3.2.12). 

The condition (3.1.124) gives 

7«9i(Pi + A*9i) = mod (2/ 72 ) 76 . (3.2.20) 

It is easy to see that (3.2.17), (3.2.20) together with 5 = ^7 mod 4ai&ic 2 /7 
imply (3.2.18). 

Taking ±^ a (3.2.17) plus (3.2.20), we obtain 

72P1Q1 = mod 76 (3.2.21) 

and 72/U<Zi = mod 75. Since // can be always taken coprime to 75, the last 
congruence is equivalent to 

72Q 2 = mod 7 6 . (3.2.22) 

Any of them together with (3.2.17) can be taken to replace (3.2.20). 
The condition (3.1.126) is equivalent to 

(5-^^1 = mod (4/ 72 )6ic 2 76. (3.2.23) 

By (3.2.22) and (S-fi 2 ^) = mod 46ic 2 /(7 2 76), the congruence (3.2.23) is actually 
a congruence mod 76. 

It is easy to see that (3.2.23) and (3.2.20) imply (3.2.19). 

The condition (3.1.119) gives 

Vip\ ~ (S + ^ 2 l)Piqi + ^q\ = mod (4/72)(a 2 /7 2 )7 & c 2 . 
Since a\ and b\ are coprime, this is equivalent to two congruences 
A*7Pi ~ (8 + l^ 2 l)PiQi + fJ>8q 2 = mod (4/7f )c 2 7 b 

and 

Vip\ " + V 2 l)piqi + »6q 2 = mod (4/7 2 2 )c 2 (a 2 / 7 2 ). (3.2.24) 
By (3.2.23), we have 5qf = 7/U 2 (/ 2 mod (4/7 2 )c 2 76, and the first congruence gives 

VI (j>i - Mi) 2 - (<5 - V 2 l)piqi = mod (4/7f )c 2 76 
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It satisfies because of (3.2.12) and (3.2.18). The congruence (3.2.24) can be written 

as 

Vl{Pi " Wi) 2 + (&- V 2 l)(Pi ~ Wi)Qi = mod (4/ 72 2 )c 2 (a 2 / 7 2 ). 

It satisfies because of (3.2.12) and since 5 — 7/ u 2 = mod (4/7 2 )(ai/7 a )c 2 . 
The condition (3.1.116) is equivalent to 

(bi/lb)(ipl + Sq 2 ) = mod 2 76 Z 

(h/lbh2laPiqi = mod / (3.2.25) 
7 2 f» 2 + "fSq 2 = 2~/ 2 np 1 q 1 mod 4a 1 c 2 ^ I 

is not satisfied for any prime / such that l 2 \a\b\. 

By its meaning, the congruences (3.2.25) satisfies if we formally put / = 1. 
Assume that for a prime / we have Z 2 |ai&i and g.c.d(/, 7 ) = 1. Then (3.2.25) is 
equivalent to 

hhpl + Sql) = mod 21 
b\p\q\ = mod / 

IPi + SQi = ZlVPm mod (4/ 72 )(ai/ 7a )c 2 / 

is not satisfied. By Lemma 3.2.2, we can assume that 

S = 7/ u 2 mod (4/ 72 )(ai/ 7a )/c 2 , and the last condition is equivalent to 

h(lPi + Sqf) = mod 21 
biPiqi = mod / 

l(pi ~ Mi) 2 = mod (4/ 72 )(ai/7 a )/c 2 
is not satisfied. By (3.2.12), this is equivalent to 

h(lPi + 6qi) = mod 21 

bxpxqx = mod / (3.2.26) 
la[(pi - Mi)/(2c/ 72 )] 2 = mod (ai/ 7a )Z 

is not satisfied. Assume that l\b\. By (3.2.14), then the first and second congruences 
satisfy and (3.2.26) is equivalent to 

pi - nqx = mod (2/ 72 )(ai/ 7a )d (3.2.27) 

does not satisfy. Assume that l\a\. By (3.2.12) then third congruence in (3.2.26) 
satisfies, and by (3.2.12) and (3.2.14) the condition (3.2.26) is equivalent to 



(3.2.28) 
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The condition (3.1.117) is equivalent to 

{bi/lb){ip\ + Sqj) = mod 2 7& Z 

(6i/76)pi?i = mod lh l (3.2.29) 
Vl 2 Pi + fJ'I^Qi = 257Piq , i mod 4aic 2 7 2 £ 

is not satisfied for any prime / 1 (20161/7). 

By its meaning, (3.2.29) satisfies if we formally put / = 1. Assume that 
g.c.d(Z, 7) = 1 and Z|2ai&i/ 7 . Then (3.2.29) is equivalent to 

&i(7Pi + <$9i) =0 mod 21 
bipiqi = mod / 

VHPi + fd>Qi = ZSpm m °d (4/7 2 )(ai/7 2 )c 2 / 
is not satisfied. 

First assume that l\a\b\. By Lemma 3.2.2, we can assume that 
6 = 7/U 2 mod (4/7 2 )(ai/7 a )/c 2 , and the last condition is equivalent to 

h(ipl + Sqf) = mod 21 
biPiqi = mod / 

A*7(Pi - Mi) 2 = mod (4/7 2 )(ai/7a)/c 2 

is not satisfied. We obtain exactly the same conditions (3.2.27) and (3.2.28) as 
above. 

Now assume that / J(a\bi. Then / = 2 and a±, 61, 7, 6 are odd. We then obtain 
that 

7P 2 + 8q\ = mod 21 

V\q\ = mod / (3.2.30) 
VlPi + V&Qi = 2$Piqi mod (4/7 2 )(ai/7 2 )c 2 / 

is not satisfied. From first two congruences we get that p\ = q\ = mod 2. Then 
we get gi5 = qi^fJ 2 mod (4/7 2 )(ai/7 a )/c 2 , and we can rewrite (3.2.30) again as 

7P? + Sql=0 mod 2/ 

ftipigi = mod / (3.2.31) 
A*7(Pi - Mi) 2 = mod (4/7 2 )(ai/7 a )/c 2 

is not satisfied. From the last congruence in (3.2.31) we get 7(^1 —Mi) = mod 4c 
and pi + fiqi = mod 2. It follows that •ypf — ^y?q\ = mod 8c. Moreover, we 
have qiS = Qi7/U 2 mod 8c. Thus, we obtain ^p\ — Sqf = mod 8c. It leads to a 
contradiction since 7p 2 — 5q\ = ±2(2 /7 2 )(ai /7 a )7&c = 4c mod 8c. 
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In fact, (3.2.29) always follows from (3.2.29) if Z|2<n&i and g.c.d(Z, 7) = 1. Really, 
by our construction, (3.2.29) means that the corresponding element h E N(X) of 
Theorem 3.1.3 is not divisible by /. We have \i G (Z/ (2ai&ic 2 /j))* , 6 = ^\x 2 
mod 4ai&ic 2 /7, and det N(X) = — 7<5 is not divisible by /. Then N(X) ■ h is not 
divisible by /, and (3.2.29) follows. In particular, we can assume that I \a\b\. 

Thus, we can rewrite the conditions (C) and (A') respectively in the form 

(A) : The conditions of a-series: 

(AG): The general conditions of a-series: 

Pi -fiqi=0 mod (2/7 2 )(ai/7 a )c, (3.2.32) 
Pi ~ M\ ^ m °d (2/7 2 )(ai/7 a )c/ 

for any prime / such that l 2 \b\ and g.c.d(/, 7) = 1, (3.2.33) 

I )(pi for any prime / such that l 2 \ai and g.c.d(/, 7) = 1. (3.2.34) 
(AS) The singular conditions of a-series: 

hq-L = mod 75, (3.2.35) 

9i (Pi - Mi) = mod (2/72)76, (3.2.36) 

72Pi9i = 729? = mod 7 6 , (3.2.37) 

(i-7/i 2 )?i 2 = mod (4/ 72 ) 0l cV (3.2.38) 
(bi/lb)(lPi + Sq 2 ) = mod 2 76 / 

(^i/76)727aPi?i = mod / (3.2.39) 
J 2 Pi + l^li = 27 2 //piQi mod 4aic 2 7 2 / 

is not satisfied for any prime / such that / 2 |ai&i and /|7, 

(h/lb)(lPi + Sq 2 ) = mod 2 76 / 

(bi/lb)pm = mod 76 / (3.2.40) 
A*7 2 Pi + AO^i = 257pigi mod 4aic 2 7 2 / 

is not satisfied for any prime / 1 (2ai&i/7) an d £|7- 

Similarly we can rewrite the conditions (C) and (B') respectively in the form 

(B) : The conditions of 6-series: 

(BG): The general conditions of 6-series: 

pi - fiqi = mod (2/ 72 )(6 1 / 7 6)c, (3.2.41) 
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Pi -/JLqi^O mod (2/72) (61/75)0 Z 

for any prime / such that l 2 \a\ and g.c.d(/,7) = 1, (3.2.42) 

/ )(pi for any prime / such that / 2 |6i and g.c.d(/,7) = 1. (3.2.43) 
(BS) The singular conditions of 6-series: 

aiQi = mod j a , (3.2.44) 

?i (Pi " Mi) = mod (2/ 72 ) 7a , (3.2.45) 

12PiQi = 72<?i = mod 7 a , (3.2.46) 

(5 - 1 i?)ql = mod (4/ 72 )a lC 2 7a . (3.2.47) 
(ai/7a)(7Pi + <*?i) = mod 27 a / 

(ai/7a)727&Pi9i = mod / (3.2.48) 
7 2 Pi + 7^9i = 27 2 / upiQi mod Ab\c 2 ^ 2 l 
is not satisfied for any prime / such that l 2 \a\bi and /|7, 

{aiha){ip\ + Sq 2 ) ee mod 2 7a / 

(ai/7a)Pi?i = mod 7a / (3.2.49) 
/"7 2 P? + /"7<^ 2 = 257^1^1 mod 46 lC 2 7 2 / 

is not satisfied for any prime / 1 (20161/7) and /I7. 
We remind that here 

fi E (Z/2ai6ic 2 /7)*, (3.2.50) 
5 ee 7/ u 2 mod 4ai6ic 2 /7, (3.2.51) 
1V \ - 5q 2 = ±2(2/ 72 )(ai/7 a ) 7oC (3-2.52) 

for the a-series, and 

1V \ - 5q 2 = ±2(2/ 72 )(6i/7 ) 7aC (3-2.53) 

for the 6-series. 

3.3. The resolution of the singular conditions (AS) and (BS). Here we 
completely resolve the singular conditions (AS) and (BS) (assuming the correspond- 
ing general conditions (3.2.50), (3.2.51), (3.2.52), (3.2.53), (3.2.32), (3.2.41) of these 
series). It makes all our results very effective. 

Below we consider the singular condition (AS) of a-series. The singular condition 
(AS) consists of congruences and non-congruences mod 7. We denote by (AS)( p ) 
the corresponding conditions over the prime number p\j. It is enough to satisfy all 
conditions (AS)^ for all p\^. Below we consider several cases which all together 
cover all possible ones. For a prime p and a natural number n, we denote as n^ p > = 
p u p the p-component of n. That is = p"p( n )|n, and g.c.d(n^ p \ n/n^) = 1. 
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There are several cases which we consider below. 

Case 72 = 2, 7 a = 75 = 1 mod 2. Then c, a±, b\ are odd and (AS)^ 2 ) obviously 
satisfies. 

Case 72 = 2, 2| 7a . Then 7 < 2 ) = 2a[ 2) > 4, 7 J 2) = 1 and b x = 1 mod 2. 
By (3.2.51), we obtain that 

5 = mod 2. (3.3.1) 

All conditions (AS) trivially satisfy over 2 except (3.2.39) for / = 2 which gives 
dqf ^ mod 4 if 4|ai. It is equivalent to 5 = 2 mod 4 and q\ = 1 mod 2 if 4|ai. 
This follows from (3.2.52) since 4(7. Thus (AS) over 2 satisfies. 

Case 72 = 2, 2| 76 . Then 7 i 2) = 1 and 7 < 2 ) = 2 7 f } > 4, oJ 2) = 7 J 2) . Denote 
7 (2) = 2\t> 2. For / = 2, the condition (3.2.40) satisfies, and (3.2.35)— (3.2.39) 
give over 2 respectively 

gi = mod2[ t/2 ], (3.3.2) 
9i (Pi - Wi) = mod 2* _1 , (3.3.3) 
= = mod 2* -2 , (3.3.4) 
(o- 7/ u 2 )g 2 =0 mod 2 2 '- 1 , (3.3.5) 
ivl + 6ql£0 mod 2 t+1 if t > 3. (3.3.6) 

By (3.2.51), 5 is even. 

Assume £ = 2. Then (3.3.2) — (3.3.6) are equivalent to q\ = mod 2. By 
(3.2.52), then p x = 1 mod 2. 

Assume that £ is even and £ > 4. By (3.3.2), we have 51 = mod 2*/ 2 . Then 
(3.3.6) is equivalent to p\ = 1 mod 2. By (3.3.3), then oi = mod 2 t ~ 1 . It 
follows (3.3.5). Thus, (3.3.2) — (3.3.6) are equivalent to p\ = 1 mod 2 and 51 = 
mod 2* _1 . We had the same for t = 2. 

Assume that t is odd and £ > 3. Let us suppose that pi = mod 2. Then (3.3.6) 
gives og 2 ^ mod 2 t+1 . By (3.3.2), we have q x = mod 2( t " 1 )/ 2 . Moreover 
5 is even. Then (3.3.6) is equivalent to 5 = 2 mod 4 and and gi = 2^ _1 - ) / 2 
mod 2(*- 1 )/ 2+1 . Then (5 - 7,u 2 )g 2 = 2 f mod 2 t+1 and (3.3.5) is not valid. This 
shows that p± = 1 mod 2. By (3.3.2), gi is even. By (3.3.3), then gi = mod 2* _1 . 
These imply all conditions (3.3.2) — (3.3.6). Thus, we obtain the same conditions 
p\ is odd and q\ = mod 2 t_1 . Thus, in this case, the condition (AS) over 2 is 

Ifl2 = 2 and 2\b\ , then p\ = l mod 2 and gi = mod 7 ( - 2 - ) /2- (3.3.7) 
Case 72 = 1, 2(7. 

Case 72 = 1, 2| 7 and 2\a x . Then 2 < 7^) = 7i 2) |ai, 7& 2) = 1 and 61 = 1 mod 2. 
By (3.2.50), (3.2.51) and (3.2.32), we get respectively 



jj, = 1 mod 2, 



(3.3.8) 
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8 = ll ? mod 4(a< 2 ) /7? ) ), (3-3-9) 

and then 5 = 7 mod 4, 

Pi - aq x = mod 2(aJ 2) /7i 2) )- (3.3.10) 

It follows that over 2 all conditions (AS) satisfy except (3.2.39) and (3.2.40) which 
give respectively 

1V \ + 5q\ = 2 7m9l mod 8(af } /7i 2) ) (3-3.11) 
is not satisfied if 4|ai, and 

pi<7i ee mod 2 



-> (2) (2) (3.3.12) 
fi-fpf + fiSqf ee 25piQi mod 8(a\ /7a ) 

is not satisfied. 

By (3.3.10), we have 7 pf + ^[iq\ = 2 r )up\q\ mod 4ai(a^ 2 ' ) /7a 2 ' ) )- Since ai is 
even, it follows 

7Pi + 7A*9i = 2 7m?i mod 8(ap/7 a 2) ). (3.3.13) 

Then (3.3.11) is equivalent to (5--f/j 2 )qf ee mod 8(aJ 2) /7a 2) ) if 4|ai. By (3.3.9), 
this is equivalent to 

gi ee 1 mod 2 and 5- 7/ u 2 ee mod 8(af } /7i 2) ) (3.3.14) 

if 4|ai. 

Similarly, one can see that (3.3.12) is equivalent to 

piqi ee mod 2 

(5-7^)^ = mod 8(af } /7i 2) ) 

is not valid. By above relations, it is equivalent to p\ = 1 mod 2. Thus, in this 
case, (AS) over 2 is equivalent to two conditions: 

if 2|7, 72 = 1 and 2\a\, then p\ = 1 mod 2 (3.3.15) 

and 

if 2|7, 72 = 1 and 4|ai, t/ien 5 — 7/U 2 mod (8ai&ic 2 /7). (3.3.16) 

Case 72 = 1, 2| 7 and 2\h. Then 2 < 7 < 2 ) = 7j 2) |&i, 7? } = 1 and a x = 1 mod 2. 
By (3.2.50), (3.2.51) and (3.2.32), we get respectively 

/I ee 1 mod 2, (3.3.17) 
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5 = -in 2 mod A{bf } /76 2) )> (3.3.18) 

and then 5 = 7 mod 4, 

Pi - = mod 2. (3.3.19) 
Over 2, the conditions (3.2.35) — (3.2.40) give respectively 

Mi=0 mod 7^, (3.3.20) 

9i(pi-^i) = mod2 7 f ) , (3.3.21) 

piqi = ql = mod 7 J 2) , (3.3.22) 

(5- 7 ^ 2 = mod4( 7 f ) ) 2 (6! 2) /7f ) ), (3-3.23) 

1V \ + 8q\ = 2 1 np 1 q 1 mod 8 7 J 2) (3.3.24) 

is not satisfied if 4|6 1? 

{bihb)PKli = mod 2 7 J 2) 

(3.3. 25) 

HlPi + = 25pi<?i mod 8% 
is not satisfied. 

By (3.3.23), we have 5qf = ^[i 2 q\ mod 8 7 J 2) . It follows that (3.3.24) is equiva- 
lent to 

pi - /j qi ^0 mod 4 (3.3.26) 
if 4 1 b\. Similarly (3.3.25) is equivalent to 

{bihb)piqi = mod 2 7 £ 3 2 
Pi — A*(/i = mod 4 

is not satisfied. 
Assume that 

{hhb)piqi £ mod2 7 J 2) . (3.3.28) 

By (3.3.22), we have p±qi = mod 7^ . Then (3.3.28) is equivalent to (61/76) is 

odd and p±qi = 7 ^ 2 ' ) mod 2 7 ^ 2 ' ) . By (3.3.21), then q\ = 7 ^ 2 ' ) mod . Then 7^ 

is a square and 4|&i. By (3.3.26), then pi — ^ mod 4. Thus, (3.3.26) and 
(3.3.27) are equivalent to 

Pi - /jq t =2 mod 4 (3.3.29) 

since pi = 51 = mod 2 by (3.3.17), (3.3.19) and (3.3.22). By (3.3.21), then qi = 
mod 7^ , and all other conditions of (AS) over 2 follow from here. 
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Thus, in this case, (AS) over 2 is equivalent to 

(2) 

if 2|7, 72 = 1, and 2\bi, then p\ — fiqi ^ mod 4 and gi = mod 7^ . 

(3.3.30) 

Case a prime odd l\^ and l\a\. Then / < 7^ = 7o^|ai, 7^ = 1 and b\ ^ 
mod /. 

By (3.2.50), (3.2.51), (3.2.32) we have respectively 

fie(Z/(a?/^)y, (3.3.31) 
8 = lt i 2 mod (c4 Z) /7i°), (3.3.32) 

pi -^i = mod (aj°/7a } )- (3.3.33) 
Conditions (AS) satisfy over / except (3.2.39) and (3.2.40) which give respectively 



8q\ = mod / 

7pf + Sqf = 2^/ipxqx mod (a^ /70 )/ 



(3.3.34) 



is not satisfied if / 2 |ai, 



5g 2 = mod / 

p x q x = mod / (3.3.35) 
A*7Pi + A^<?i = 2Spiqi mod (a{ 77a )Z 

is not satisfied if / 1 (a^ 770 )• 

Taking square of (3.3.33), we obtain 

7P? + 7 A? = 27/xpigi mod (aS° / 7 « )/. (3.3.36) 
This shows that (3.3.34) is equivalent to 

5g 2 = mod / 

(o- 7/ a 2 )g 2 = mod {a? 1^)1 

is not satisfied if l 2 \ai. By (3.3.33), this is equivalent to 

// odd prime /|7 and / 2 |ai, t/ien qi ^ mod / and 
ezt/ier 5^0 mod / or (0 - 7^ 2 ) ^ mod (a^ 

(3.3.38) 

If Z I (a^/Ta ), then / 2 |ai and (3.3.38) is valid. Then gi ^ mod /. By (3.3.31) 
and (3.3.33), then Pl ^ mod /. Thus (3.3.35) follows from (3.3.38). 



(3.3.37) 
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Finally we get that (AS) over / is equivalent to (3.3.38) in this case. 

Case a prime odd /|7 and l\b\. Then / < 7W = 7^ |&i, 70 = 1 and a\ ^ 
mod /. 

By (3.2.50), (3.2.51), (3.2.32) we have respectively 

A* G WiWhS^r, (3-3-39) 

5 = 7/? mod (6? ) /T6 )> (3.3.40) 
7 p 2 - ^ 2 = ±2(2/ 72 )(a 1 / 7a )7 6 c (3.3.41) 
Over /, the conditions (3.2.35) — (3.2.40) give respectively 

6igi = mod (3.3.42) 

9i (Pi - A*9i) = mod 7^, (3.3.43) 

p igi =g? = mod 7^, (3.3.44) 

(tf- 7 ^)g2 = mod (feW'XTj ) 2 , (3-3.45) 

^Vt^XtP? + = mod 7^/ 
7Pi + <*?i = 27/upiQi mod 7^/ 



(3.3.46) 



is not satisfied if / 2 |&i, 



(^V^XtPi + ^iO^O mod 7^/ 
A*7Pi + ^Qi = 25piQi mod 



(3.3.47) 



is not satisfied if / 1 (b^ /%^). 

By (3.3.45), we have 5qf = r )[i 2 q\ mod 75/. Then (3.3.46) is equivalent to 

(^V^XPi+^V)^ mod/ 
Pi _ A*9i = m °d ^ 

is not satisfied if / 2 |6i- Similarly (using also (3.3.39)) one can see that (3.3.47) is 
equivalent to 

(b[ l) hl l) )( P i+^q!)^0 mod/ (3 34Q) 

Pi — fJ-Qi = m °d I 

is not satisfied if / 1 (61/75 )- Thus, (3.3.48) implies (3.3.49), and it is enough to 
satisfy (3.3.48). 
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Assume that pi — fiqi ^ mod /. By (3.3.43) we get q± = mod 7^ , and all 
other conditions follow. 

Assume that pi — /iqi = mod /. Then p\ + y 2 q\ = 2p\ mod Z, and (3.3.48) 
implies that pi ^ mod I. By (3.3.44), q± = mod /, and we get a contradiction. 
Since qi = mod /, the condition pi ^ fiqi mod / can be replaced by pi ^ 
mod /. 

Thus, in this case, the condition (AS) over / is equivalent to two conditions 

// odd prime and l\b\, then qi = mod 7^. (3.3.50) 

// odd prime l\^y and l 2 \b\, then pi ^ mod /. (3.3.51) 
Thus, we obtain 
Theorem 3.3.1. The singular condition (AS) is equivalent to 

if odd prime Z|7 and I \a±, then qi ^ mod / and 

either 5^0 mod I or (d — 7/i 2 ) ^ mod {a(' /7P)/; 

if odd prime Z|7 and l\bi, then qi = mod 7^ ; 

if odd prime Z|7 and l 2 \bi, then pi ^ mod I; 

if 2(7, 72 = 1 and 2\a±, then p± = 1 mod 2; 

if 2(7, 72 = 1 and 4|ai, then S — 7/U 2 ^ mod (8ai&ic 2 /7); 

z/ 2(7, 72 = 1, and 2\bi, then p\ — [iq\ ^ mod 4 and q\ = mod 7^ ; 

z/ 2(7, 72 = 2 and 2\b\ , t/ien pi = 1 mod 2 and Qi = mod 7 ( ^ 2 - ) /2. 

(3.3.52) 

TTie singular condition (BS) is equivalent to 

if odd prime Z|7 and /|ai, t/zen q\ = mod 7^; 

z/ odd prime Z|7 and / 2 |ai, t/zen pi ^ mod 

z/ odd prime /|7 and / |6i, t/zen Qi ^ mod / and 

either 5^0 mod I or (d — 7/i 2 ) ^ mod (bi /% )l; 

if 2(7, 72 = 1, and 2|ai, t/zen pi — /iqi ^ mod 4 and Qi = mod 7^ 2 ' ) ; 

z/ 2(7, 72 = 1 and 2\b±, then pi = 1 mod 2; 

z/ 2(7, 72 = 1 and 4|6i, t/zen 5 — 7/i 2 ^ mod (8ai&ic 2 /7); 

z/ 2(7, 72 = 2 and 2\a± , t/zen pi = 1 mod 2 and Qi = mod 7 ( - 2 ' ) /2. 

(3.3.53) 

Thus, we can finally rewrite the conditions (A) of a-series, and the conditions 
(B) of 6-series in the very efficient form which makes all our results very effective. 



ON CORRESPONDENCES OF K3 WITH ITSELF 



49 



(A) : The conditions of a-series: 

(AG): The general conditions of a-series: 

Pl - mi = mod (2/ 72 )(a 1 / 7a )c, (3.3.54) 
Pi ~ Mi ^ mod (2/7 2 )(ai/7 a )c/ 

for any prime I such that l 2 \b\ and g.c.d(/, 7) = 1, (3.3.55) 

/ J(pi for any prime / such that l 2 \a\ and g.c.d(/, 7) = 1. (3.3.56) 
(AS) The singular conditions of a-series: 

if odd prime Z| 7 and l 2 \a\, then Qi ^ mod / and 

either 5^0 mod I or (5 - 7/ u 2 ) ^ mod (aj°/7a ty; 
z/ odd prime /| 7 ana 1 Z|&i, t/ien gi = mod 7^; 

odd prime Z| 7 and i 2 |6i, t/ien pi ^ mod 

2| 7 , 72 = 1 ana 1 2|ai, then pi = 1 mod 2; 

2(7, 72 = 1 and 4|ai, t/ien 5 — 7/ u 2 ^ mod (8ai&ic 2 / 7 ); 
if 2(7, 72 = 1, and 2|6i, t/ien pi — pgi ^ mod 4 and gi = mod 7^ ; 
if 2(7, 72 = 2 and 2|6i , then pi = 1 mod 2 and gi = mod r )^ 2 > /2. 

(3.3.57) 

(B) : The conditions of 6-series: 

(BG): The general conditions of 6-series: 

pi - ugi = mod (2/ 72 )(6i/76)c, (3.3.58) 
Pi - /ugi ^ mod (2/72) (61/75)0 Z 

for any prime / such that / 2 |ai and g.c.d(/,7) = 1, (3.3.59) 

/ /pi for any prime / such that / 2 |6i and g.c.d(/,7) = 1. (3.3.60) 
(BS) The singular conditions of 6-series: 

if odd prime Z|7 and l\a\, then gi = mod 7^; 
if odd prime Z| 7 and l 2 \a\, then pi ^ mod I; 
if odd prime Z| 7 and I \b\, then gi ^ mod / and 

either 5^0 mod I or (5 - 7/ u 2 ) ^ mod {b? 

if 2| 7 , 72 = 1, and 2\a\, then p± — fxqi ^ mod 4 and gi = mod T^ 2 -*; 

if 2| 7 , 72 = 1 and 2|6i, t/ien pi = 1 mod 2; 

z/ 2(7, 72 = 1 and 4|6i, t/ien 5 — 7/ u 2 ^ mod (8ai&ic 2 / 7 ); 

if 2(7, 72 = 2 and 2|ai , then p± = 1 mod 2 and gi = mod 7 ( - 2 - ) /2. 

(3.3.61) 
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We remind that here 7|2ai&i and 

p G (Z/2ai&ic 2 /7)*, (3.3.62) 

5 = 'jfj 2 mod 4ai6ic 2 /7, (3.3.63) 

1V \ - 5ql = ±2(2/ 72 )(a 1 / 7a )7 6C (3.3.64) 

for the a-series, and 

1V \ - bq\ = ±2(2/ 72 )(6 1 /7 & ) 7aC (3.3.65) 

for the 6-series. 

4. Final results for p = 2 

Now we can formulate the main results which follow from Theorem 3.1.3 and 
the calculations above. 

Theorem 4.1. Let X be a K3 surface with p(X) = 2, and H a polarization of 
X of degree H 2 = 2rs where r, s G N. Assume that the Mukai vector (r, H, s) is 
primitive. Let Y be the moduli space of sheaves on X with the isotropic Mukai 
vector v = (r, H, s). Let H = H/d be the corresponding primitive polarization, and 
H ■ N(X) = 7Z. We denote by p the invariant of the pair (N(X),H) and use 
notations of Proposition 3.1.1. 
We have Y ^ X if 

g.c.d(c,d-f) = 1 

and X belongs either to a-series or to b-series. 

Here X belongs to a-series if for one of e = ±1 the equation 

1V\ - Sql = e2(2/7 2 )(a 1 / 7a )7 6 c. (4.1) 

has an integral solution (pi,qi) satisfying the conditions (A) of a-series (3.3.54) — 
(3.3.57). 

These solutions (pi,qi) of (4.1) give all solution (x,y) of Theorem 3.1.3 from 
a-series as associated solutions 

(x, y) = ±( - 2aihC + thll2laPl , £bl727aPl M . (4.2) 
V 7 lb lb J 

Here X belongs to b-series if for one of signs e = ±1 the equation 

1V\ - Sqf = e2(2/7 2 )(V7 6 ) 7aC . (4-3) 

has an integral solution (j>i,qi) satisfying the conditions (B) of b-series (3.3.58) — 
(3.3.61). 
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These solutions (pi,qi) of (4.3) give all solutions (x,y) of Theorem 3.1.3 of 
b-series as associated solutions 



(x 



± / -2oi&ic ea^lbpj tail2lbPiqi \ ^ ^ 

,V \ 1 la ' la )' 



These conditions are necessary to have Y = X if X is a general K3 surface 
with p(X) = 2, i. e. the automorphism group of the transcendental periods 
(T(X),H 2 '°(X)) is ±1. 

Now we want to interpret solutions (pi,qi) of Theorem 4.1 as elements of the 
Picard lattice N(X). 

Let (pi, q\) be a solution of Theorem 4.1 from a-series. Then 

1P\ - Sql = e2(2/ 72 )(a 1 / 7a )7 6 c. (4.5) 

By (3.3.54), we have 

Pi ~ Wti = mod (2/7 2 )(ai/7a)c. (4.6) 



Let us put 

Then 

and 

We have 
and 



* = (6i/76)c (4.7) 
tpi - /jtqi = mod 2ai&ic 2 /7- (4.8) 



s? = i 2 (7pf zjglj = e26lC (4.10) 



2ai6ic 2 /7 



Also 



~ ~ H ■ hi 

H ■ hi = 7(6i/76)cpi = mod 7(61/75)0 and pi = — — . (4.11) 

7(oi/76)c 

7 &lC<fyi , /(#) -^l 10 v 

-/(# • /ii = and gi = - 4.12 

76 o(6i/7b)c 

Here 

-7(5 = detiV(X). (4.13) 
Another calculation of pi and 51 is as follows. We have 

~ = uH + vf(H) = piH + <jif(H) 
2aAe 2 /7 (2/l5)(ai/7«)c 
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where 

u 

u = mod (61/75)0, and pi = -— — — , (4.15) 

(hhb)c 

v 

v = mod (61/75)0, and gi = — — : — — . (4.16) 

{bi/lb)c 

We remind that here Zf(H) is the orthogonal complement to in N(X). Both 
these calculations of pi and 51 are equivalent. 

By construction, (3.3.54) is equivalent to hi G N(X), (3.3.55) is equivalent to 
hi/l $l N(X), (3.3.56) is equivalent to H ■ hi ^ mod 7(61/75)0/. 

Changing the letters a and 6 places we get the same results for the 6-series. 

Thus, we get 

Theorem 4.2. Let X be a K3 surface with p(X) = 2, and H a polarization of 
X of degree H 2 = 2rs where r, s G N. Assume that the Mukai vector (r, H, s) is 
primitive. Let Y be the moduli space of sheaves on X with the isotropic Mukai 
vector v = (r, H, s). Let H = H/d be the corresponding primitive polarization, and 
H ■ N(X) = 7Z. We denote by fx the invariant of the pair (N(X),H) and use 
notations of Proposition 3.1.1. 
We have Y = X if 

g.c.d(c,d>y) = 1, 

and at least for one e = ±1 there exists hi G N(X) which belongs to the a-series 
or to the b-series described below: 
hi belongs to the a-series if 

h\ = e2bic and H ■ hi = mod 7(61/75)0, (4.17) 

H-hi^O mod 7(&i/7b)cZi, hi/h £ N(X) (4.18) 

for any prime l\ such that l\\ai and g.c.d(li, 7) = 1, and for any prime I2 such that 
Z2I&1 and g.c.d{l2,~f) = I, and 

7(61/75)0 d(6i/7 b )c 

satisfy the singular condition (AG) (conditions (3.3.57) mod 7 ) of a-series. 
hi belongs to the b-series if 

h\ = e2aic and H ■ hi = mod 7(ai/7 a )c, (4.20) 
H-hi^0 mod 7(ai/7 a )di, hi/h & N(X) (4.21) 
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for any prime li such that l\\b\ and g.c.d(li, 7) = 1, and for any prime I2 such that 
Z| I ai and g.c.c^, 7) = 1, and 

Pi= ( ,\ , Qi = - tf 1 s ( 4 - 22 
7(«i/7a)c d(ai/7 a )c 

satisfy the singular condition (BG) (conditions (3.3.61) mod 7 J of b-series. 

These conditions are necessary to have Y = X if X is a general K3 surface 
with p(X) = 2, i. e. the automorphism group of the transcendental periods 
(T(X), H 2 >°(X)) is ±1. 

Important Remark 4-3. Applying Theorem 3.1.3 and the formulae (4.2), (4.4) for 
the associated solution, we get the following formulae in terms of X for the canonical 
primitive nef element h of Y defined by (—a, 0, b) mod 7Lv : 

( -H eiH^hi if £ . from a _ gerie 

h'=l \ J (4.23) 

+ e ( H ' hl ^ hl if hi is from 6-series 

belongs to N(X) and 

(Y,h) = (X, ±w(h')) for some w G W { ~ 2) (N(X)). (4.24) 

Specializing (by Lemma 2.2.1) the theorem 4.2, we get the following sufficient 
condition to have Y = X which is valid for X with any p(X). This is one of the 
main results of the paper. 

In Theorem 4.4 below, for H e N we apply the same definitions and notations: 
f(H), 6, p, as for H e N = N(X) of Proposition 3.1.1. 

Theorem 4.4. Let X be a K3 surface and H a polarization of X of degree H 2 = 
2rs where r, s G N. Assume that the Mukai vector (r, if, s) is primitive. Let Y be 
the moduli space of sheaves on X with the isotropic Mukai vector v = (r, H, s). Let 
H = H/d be the corresponding primitive polarization. 

We have Y = X if there exists h\ G N(X) such that H , hi belong to a 2- 
dimensional primitive sublattice N C N(X) such that H ■ N = 7Z, 7 > 0, and 

g.c.d(c, dry) = 1, (4.25) 

moreover, for one of e = ±1 the element hi belongs to the a-series or to the b-series 
described below: 

hi belongs to the a-series if 

h\ = e2b t c andH-hi = mod 7(61/7^)0, (4.26) 

H-hi^0 mod i{bi/ lh )cl u hi/h £ N{X) (4.27) 
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for any prime l\ such that l\\a\ and g.c.d{l\^) = 1, and any prime I2 such that 
/ 2 |oi and g.c.d(l2,^f) = 1, and 

H-h! /(g)_ji (A 98 , 
7(6i/76)c o{b\hb)c 

satisfy the singular condition (AS) of a- series : 

if odd prime l\^ and l 2 \ai, then qi ^ mod / and 

either 5^0 mod I or (5 — 7/U 2 ) ^ mod (^i /7a^> 

z/ odd prime l\j and l\bi, then q± = mod 7^ ; 

z/ odd prime and / 2 |6i, t/ien pi ^ mod 

z/ 2(7, 72 = 1 and 2|ai, t/ien p\ = 1 mod 2; 

z/ 2(7, 72 = 1 and 4|ai, then 5 — 'jfj 2 ^ mod (8ai&ic 2 /7); 

z/ 2(7, 72 = 1, and 2\b\, then p\ — \iq\ ^ mod 4 and q\ = mod 7^; 

z/ 2(7, 72 = 2 and 2\b\ , then pi = 1 mod 2 and gi = mod 7 < - 2 - > /2. 

/ii belongs to the b-series if 

h\ = €La\c and H ■ h\ = mod 7(01/7,3)0, (4.29) 

H-ht^O mod 7(ai/7a)c/i, fci/Z 2 £ NpQ (4.30) 

/or any prime l\ such that l\\bi and g.c.d(/i,7) = 1 and any prime / 2 sitc/i t/iat 
/||ai and o.c.d(/2,7) = 1, and 

Pi = —, — r ^ r , 01 = -— — — — (4.31) 

7(ai/7a)c o(ai/7 a )c 

satisfy the singular condition (BS) of b-series: 

if odd prime Z|7 and Z|ai, t/ien q\ = mod 7^; 
z'/ odd prime and l 2 \ai, then pi ^ mod /; 
z/ odd prime /|7 and / |6i, t/ien Qi ^ mod / and 
ezt/ier <J ^ mod I or (5 - 7^) ^ mod {b^ 

if 2(7, 72 = 1, and 2|ai, £aen p\ — fxqi ^ mod 4 and Qi = mod "f^; 

z/ 2|7, 72 = 1 and 2\b±, then pi = 1 mod 2; 

z/ 2(7, 72 = 1 and 4|&i, t/ien 5 — 7/U 2 ^ mod (8ai&ic 2 /7); 

z/ 2(7, 72 = 2 and 2|ai , then p± = 1 mod 2 and gi = mod 7 ( - 2 - ) /2. 
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Moreover, one has formulae (4.23) and (4.24) in terms of X for the canonical 
primitive nef element hofY defined by (—a, 0,6) mod 7Lv. 

These conditions are necessary to have Y = X if p(X) < 2 and X is a general K3 
surface with its Picard lattice, i. e. the automorphism group of the transcendental 
periods (T(X), H 2 >°(X)) is ±1. 

See Sect. 6 about the cases 7 = 1 and 7 = 2. 

5. DlVISORIAL CONDITIONS ON MODULI OF 
(X, H) WHICH IMPLY Y = X AND "f(H) = 7 

Using notations above, assuming g.c.d(c, d'y) — 1 for 

71 = {fi, -fj,} C (Z/(2a 1 b 1 c 2 / 1 ))\ e = ±1 

we denote by 

V(r,s,d,r,A% (5.1) 

the set of all 5 G N such that 5 = "ffi 2 mod 4ai&ic 2 and the equation ^p\ — 5q 2 = 
e2(2/7 2 )(ai/7 a )7bC has an integral solution {p\,qi) satisfying the condition (A) 
(3.3.54) — (3.3.57) of the a-series. Similarly, we define 

V(r,s,d, T ,B)» (5.2) 

the 6-series changing a and b places (see the equation (3.3.65) and conditions (B) 
(3.3.58)— (3.3.61)). 
We denote 

D(r, S ,rf, 7 ) 7r = I |J P(r, S ,rf, 7 ;A)f 

W-1,1} 



|J |J V(r,s,d,r,B)»\. (5.3) 
\ee{-i,i} / 

By Theorem 4.1, the set X>(r, s, <i, 7)^ describes all possible pairs H e N(X) of 
general polarized K3 surfaces (X, H) with rk N(X) = 2, the primitive polarization 
H = H/d G N(X), the invariant ^(H) = 7 (i. e. H-N(X) = 7Z) and the invariant 
±H for H G N(X)), such that Y = X. By general results of [Nl] and [N2] the 
pair H G N(X) defines the irreducible 18-dimensional moduli of such pairs (X, H), 
i. e. a (irreducible) divisorial condition on 19-dimensional moduli of polarized K3 
surfaces (X,H) which implies that 'y(H) = 7 and Y = X. Thus, we can interpret 
our results as follows. 
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Theorem 5.1. The set 

V(r,s,d, 1 ) = {(fl,5) | {^,-^}c (Z/(2a 1 6 1 c 2 /7))% (5-4) 

describes all irreducible divisorial conditions on moduli of polarized K3 surfaces 
(X, H) with H 2 = 2rs and the primitive polarization H = H/d (here d 2 \rs), which 
imply Y = X for any X , and H • N(X) = 7Z for a general X . 
We have (see (5. 3) ) 

D(r, S ,rf, 7 ) 7r = I |J V(r,s,d,r,A)] 
ye{-i,i} 

U( U V(r,s,d, T ,B)A. (5.5) 

W-1,1} / 

where each set T>(r, s, d, 7; and T>(r, s, d, 7; B)£ is infinite if it is not empty. 

Proof. We need to prove the last statement only. Assume that T>(r, s, d, 7; A)£ is 
not empty. Thus, there exist integral (po, go) such that 

7Po-£2(2/7 2 )(oi/7a)7bC ^ 2 j 4aibic 2 

W — /P 7 

7 p 2 - e 2(2/ 72 )(a 1 /7 a )7 6 c > • ( 5 - 6 ) 

(po, qo) satisfies (A) 

Then 

^ = 7^-e2(2/7 2 )(a 1 /7 Q )7 b c £ ^ g ^ 7; ^ (5 ?) 

The (5.6) is equivalent to 

~ipl - e2(2/7 2 )(ai/7 a )7 6 c = 7,u 2 g 2 mod 4ai&ic 2 g 2 /7 
7^-e2(2/ 72 )(a 1 /7 a )7 bC >0 . (5.8) 

(Po,Qo) satisfies (A) 

Clearly, (p, go) where 

p = p mod 8ai6ic 2 go, and 7Pq - e2(2/7 2 )(ai/7 a )7 & c> (5.9) 

also satisfies (5.8) and defines 

5 = 7^-e2(2/7 2 )(g 1 /7a)7 b c £ ^ g ^ 7; ^ ({UQ) 
% 

Obviously, their number is infinite. This proves the statement. 
The key question is: 
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Problem 5.2. When V(r, s, d, 7; A)^ and V(r, s, <i, 7; are non-empty? 

We hope to consider this question in further publications on the subject. It was 
shown in [N4] (see also [MN1], [MN2]) that at least one of these sets is not empty 
if d = 1 and 7 = 1. Theorem 4.1 and exactly the same considerations as in [N4] 
show that it is also valid for 7 = 1 and any d because singular conditions (AS) and 
(BS) satisfy if 7 = 1. Thus we have 

Theorem 5.3. At least for one ofjt, e one of sets T>(r, s, d, 7 = 1; A)% or 
T>(r, s, d, 7 = 1; B)v is not empty. 

In particular, for any primitive isotropic Mukai vector (r, H, s) the set of divi- 
sorial conditions on moduli of X which imply that Y = X and 7 = 1 is not empty 
and is then infinite. 

We hope to consider Problem 5.2 for other 7 in further publications on the 
subject. 



As concrete examples of results of Sect. 4, we consider cases of 7 = 1 and 7 = 2. 
When 7 = 1, then singular conditions (AS) and (BS) are obviously valid, and we 
obtain especially simple results. We formulate only the analogy of Theorem 4.4. 

Theorem 6.1. Let X be a K3 surface and H a polarization of X of degree H 2 = 
2rs where r, s G N. Assume that the Mukai vector (r, H, s) is primitive. Let Y be 
the moduli space of sheaves on X with the isotropic Mukai vector v = (r, H, s). Let 
H = H/d be the corresponding primitive polarization. 

We have Y = X if there exists hi G N(X) such that H , hi belong to a 2- 
dimensional primitive sublattice N C N(X) such that 



(i. e. 7 = 1), moreover, for one of e = ±1 the element hi belongs to the a-series 
or to the b-series described below: 
hi belongs to the a-series if 



6. Examples of 7 = 1 and 7 = 2 



H 



N = Z 



(6.1) 



hi = elbic and H • hi = mod bic, 



(6.2) 



H-hi^O mod bich, hi/l 2 G" N(X) 

for any prime li such that l\\a\, and any prime I2 such that 
hi belongs to the b-series if 



(6.3) 



hi = elaic and H • hi = mod aic, 



(6.4) 



H-hi^O mod aich, hi/l 2 <£ N(X) 



(6.5) 
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for any prime li such that lf\bi and any prime I2 such that Z^l^i- 

Moreover, one has formulae (4.23) and (4.24) in terms of X for the canonical 

primitive nef element hofY defined by (—a, 0,6) mod Zt>. 

These conditions are necessary to have Y = X and H ■ N(X) = Z if p(X) < 2 

and X is a general K3 surface with its Picard lattice, i. e. the automorphism group 

of the transcendental periods (T(X), H 2,0 (X)) is ±1. 

This generalizes results of [MN1] , [MN2] and [N4] where the condition H ■ N = Z 
had been imposed (i. e. d = 7 = 1). 

Now let us assume that 7 = 2. By Theorem 4.4, we obtain three cases which all 
together cover all possibilities for 7 = 2. 

When 7 = 2 and a± = b\ = 1 mod 2, then 72 = 2, and singular conditions (AS) 
and (BS) satisfy. Theorem 4.4 gives then 

Theorem 6.2. Let X be a K3 surface and H a polarization of X of degree H 2 = 
2rs where r, s G N. Assume that the Mukai vector (r, H, s) is primitive. Let Y be 
the moduli space of sheaves on X with the isotropic Mukai vector v = (r, H, s) . Let 
H = H/d be the corresponding primitive polarization. Assume that 

g.c.d(2,c) = l (6.6) 

and 

ai = bi = 1 mod 2. (6.7) 

We have Y = X if there exists hi G N(X) such that H , h\ belong to a 2- 
dimensional primitive sublattice N C N(X) such that 

H ■ N = 2Z (6.8) 

(then 7 = 2, 7 a = 7^ = 1 and 72 = 2), moreover, for one of e = ±1 the element hi 
belongs to the a-series or to the b-series described below: 
hi belongs to the a-series if 

h\ = e2b 1 c and H ■ hi = mod 2b 1 c, (6.9) 

H-hi^0 mod 2bich, Jn/h N(X) (6.10) 

for any prime h such that l\\a\, and any prime I2 such that l^bi. 
hi belongs to the b-series if 

hf = e2aic and H • hi = mod 2aic, (6-H) 

H-Jn^O mod 2aic/i, hi/l 2 £ N(X) (6.12) 
for any prime h such that l\ \b\ and any prime I2 such that /||ai. 
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Moreover, one has formulae (4.23) and (4.24) in terms of X for the canonical 
primitive nef element hofY defined by (—a, 0,6) mod Zv. 

These conditions are necessary (for odd c, a\ and b\) to have Y = X and H ■ 
N(X) = 2Z if p(X) < 2 and X is a general K3 surface with its Picard lattice, i. e. 
the automorphism group of the transcendental periods (T(X), H 2 '°(X)) is ±1. 

In [MN2] the primitive isotropic Mukai vector (c, H, c) where H 2 = 2c 2 had been 
considered. Then a = b = 1, d = 1, a\ = b\ = 1 and 7|2. The case 7 = 1 had been 
described in [MN2]. Theorem 6.2 describes the remaining case 7 = 2 and then c is 
odd which was not considered in [MN2]. 

Now assume that 7 = 2 and 2\a\. Then 72 = 1, 7 a = 2 and 75 = 1. The singular 
condition (AS) gives then (6.18) and (6.19) below. The singular condition (BS) 
gives (6.22) and (6.23) below. Thus, Theorem 4.4 implies the following. 

Theorem 6.3. Let X be a K3 surface and H a polarization of X of degree H 2 = 
2rs where r, s G N. Assume that the Mukai vector (r, H, s) is primitive. Let Y be 
the moduli space of sheaves on X with the isotropic Mukai vector v = (r, H, s). Let 
H = H/d be the corresponding primitive polarization. Assume that 

g.c.d(2,c) = l (6.13) 

and 

ai = mod 2, 61 = 1 mod 2. (6.14) 

We have Y = X if there exists hi G N(X) such that H, hi belong to a 2- 
dimensional primitive sublattice N C N(X) such that 

H-N = 2Z (6.15) 

(then 7 = 2, 7 a = 2, 7t = 1 and 72 = 1), moreover, for one of e = ±1 the element 
hi belongs to the a-series or to the b-series described below: 
hi belongs to the a-series if 

h\ = e2bic and H ■ h x = mod 2b x c, (6.16) 

H-hi^Q mod2bich,hi/l 2 ^N(X) (6.17) 

for any prime li such that l\\ai and g.c.d(li,2) = 1, and any prime I2 such that 
Z2I&1; moreover (singular conditions) , 

H-hi^0 mod46 lC (6.18) 



and 



5 ^ 2fi 2 mod 4ai if A\a\. 



(6.19) 
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hi belongs to the b-series if 

h\ = e2a\c and H • hi = mod aic, (6.20) 

H-hi^O modaich, hi/l 2 ^ N(X) (6.21) 

for any prime 1 1 such that l\\bi and any prime I2 such that l 2 \ai and g.c.d(l2,2) = 1; 
moreover (singular conditions), 

H-hi = mod 2aic (6.22) 

and 

hi/2<£N(X). (6.23) 

Moreover, one has formulae (4.23) and (4.24) in terms of X for the canonical 
primitive nef element hofY defined by (—a, 0,6) mod 

These conditions are necessary (for odd c, even ai and odd bi) to have Y = X 
and H ■ N(X) = 27L if p(X) < 2 and X is a general K3 surface with its Picard 
lattice, i. e. the automorphism group of the transcendental periods (T(X), H 2,0 (X)) 
is ±1. 

Changing a and b places, we get from Theorem 4.4 the remaining case. 

Theorem 6.4. Let X be a K3 surface and H a polarization of X of degree H 2 = 
2rs where r, s G N. Assume that the Mukai vector (r, H, s) is primitive. Let Y be 
the moduli space of sheaves on X with the isotropic Mukai vector v = (r, H, s) . Let 
H = H/d be the corresponding primitive polarization. Assume that 

g.c.d{2,c) = l (6.24) 

and 

a! = l mod 2, b x = mod 2. (6.25) 

We have Y = X if there exists hi E N(X) such that H , hi belong to a 2- 
dimensional primitive sublattice N C N(X) such that 

H ■ N = 2Z (6.26) 

(then 7 = 2, 7 a = 1, 7b = 2 and 72 = 1), moreover, for one of e = ±1 the element 
hi belongs to the a-series or to the b-series described below: 
hi belongs to the a-series if 

h\ = e2bic and H ■ hi = mod he, (6.27) 

H-hi^O mod bicl u hi/l 2 & N(X) (6.28) 
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for any prime 1 1 such that l\\a\ and any prime I2 such that l\\b\ and g.c.d(l2,2) = 1; 
moreover (singular conditions), 

H-ht^O mod 26ic (6.29) 

and 

h 1 /2£N(X). (6.30) 

hi belongs to the b-series if 

hi = e2a\c and H ■ h\ = mod 2a\c : (6.31) 

H-hx^O mod2a 1 cli,h 1 /l 2 ^N(X) (6.32) 

for any prime l\ such that l\\b\ and g.c.d(li,2) = 1, and any prime I2 such that 
l 2 \di; moreover (singular conditions) , 

H-hi^0 mod 4a x c (6.33) 

and 

S ^ 2U 2 mod 46i if A\b x . (6.34) 

Moreover, one has formulae (4.23) and (4.24) in terms of X for the canonical 
primitive nef element hofY defined by (—a, 0,6) mod Zv. 

These conditions are necessary (for odd c, odd a\ and even b\) to have Y = X 
and H ■ N(X) = 2Z if p(X) < 2 and X is a general K3 surface with its Picard 
lattice, i. e. the automorphism group of the transcendental periods (T(X) , H 2,0 (X)) 
is ±1. 

Theorems 6.2 — 6.4 cover all types of a primitive isotropic Mukai vector when 
it is in principle possible to have Y = X and 7 = 2. 

Using results of Sect. 4, one can write down similar very concrete and effective 
results for any 7. 
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